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ɄȼȺɁɂɉɈɅɇɈɌȺ ɄɅȺɋɋȺ ɁȺȾȺɑ ɇȺ ȽɊȺɎȺɏ  

«ȼȿɋ-ɆɂɇɂɆȺɄɋɇɈȿ ɊȿȻɊɈ» 

Ⱦɨɤɚɡɚɧɚ ɬɟɨɪɟɦɚ ɨ ɤɜɚɡɢɩɨɥɧɨɬɟ ɞɜɭɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ ɧɚ ɝɪɚɮɚɯ, ɰɟɥɟɜɚɹ 
ɮɭɧɤɰɢɹ ɤɨɬɨɪɵɯ ɫɨɫɬɨɢɬ ɢɡ ɭɫɥɨɜɢɣ «ɜɟɫ-ɦɢɧɢɦɚɤɫɧɨɟ ɪɟɛɪɨ», ɩɪɢɱɟɦ ɩɨ ɩɟɪɜɨɦɭ 
ɤɪɢɬɟɪɢɸ ɞɨɩɭɫɬɢɦɵɟ ɪɟɲɟɧɢɹ ɢɦɟɸɬ ɩɨɫɬɨɹɧɧɨɟ ɱɢɫɥɨ ɪɟɛɟɪ. ɉɪɟɞɥɨɠɟɧɚ 
ɦɟɬɨɞɢɤɚ ɢɡɭɱɟɧɢɹ ɫɜɨɣɫɬɜ, ɫɬɪɭɤɬɭɪɵ ɢ ɨɰɟɧɤɢ ɦɨɳɧɨɫɬɟɣ ɦɧɨɠɟɫɬɜɚ ɞɨɩɭɫɬɢɦɵɯ 
ɪɟɲɟɧɢɣ, ɩɚɪɟɬɨɜɫɤɨɝɨ ɦɧɨɠɟɫɬɜɚ ɢ ɩɨɥɧɨɝɨ ɦɧɨɠɟɫɬɜɚ ɚɥɶɬɟɪɧɚɬɢɜ ɡɚɞɚɱ 
ɜɵɞɟɥɟɧɧɨɝɨ ɤɥɚɫɫɚ. ɉɪɟɞɥɨɠɟɧɵ ɩɨɥɢɧɨɦɢɚɥɶɧɵɟ ɚɥɝɨɪɢɬɦɵ ɪɟɲɟɧɢɹ ɢɡɭɱɚɟɦɵɯ 
ɡɚɞɚɱ.  

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɦɧɨɝɨɤɪɢɬɟɪɢɚɥɶɧɚɹ ɨɩɬɢɦɢɡɚɰɢɹ, ɩɚɪɟɬɨɜɫɤɨɟ ɦɧɨɠɟɫɬɜɨ, 
ɩɨɥɧɨɟ ɦɧɨɠɟɫɬɜɨ ɚɥɶɬɟɪɧɚɬɢɜ, ɤɜɚɡɢɩɨɥɧɚɹ ɡɚɞɚɱɚ.  

 

Ɂɚɞɚɱɿ ɛɚɝɚɬɨɤɪɢɬɟɪɿɚɥɶɧɨʀ ɨɩɬɢɦɿɡɚɰɿʀ ɜ ɡɚɝɚɥɶɧɿɣ ɩɨɫɬɚɧɨɜɰɿ ɧɟ ɦɚɸɬɶ 
ɨɱɟɜɢɞɧɨɝɨ ɪɿɲɟɧɧɹ, ɳɨ ɩɨɪɨɞɠɭє ɛɟɡɥɿɱ ɩɿɞɯɨɞɿɜ ɭ ɜɢɡɧɚɱɟɧɧɿ ɧɚɣɛɿɥɶɲ «ɜɞɚɥɨɝɨ» ɡ 
ɞɟɹɤɨʀ ɫɭɤɭɩɧɨɫɬɿ ɪɿɲɟɧɶ, ɹɤɿ ɜɿɞɩɨɜɿɞɚɸɬɶ ɩɨɫɬɚɜɥɟɧɢɦ ɭɦɨɜɚɦ. Ɉɞɧɢɦ ɿɡ ɲɥɹɯɿɜ 
ɮɨɪɦɚɥɶɧɨɝɨ ɜɢɡɧɚɱɟɧɧɹ ɦɧɨɠɢɧɢ ɦɨɠɥɢɜɢɯ ɚɥɶɬɟɪɧɚɬɢɜɧɢɯ ɪɿɲɟɧɶ є ɜɢɞɿɥɟɧɧɹ 
ɩɚɪɟɬɨɜɫɶɤɨʀ ɦɧɨɠɢɧɢ, ɦɧɨɠɢɧɢ ɧɟɩɨɤɪɚɳɭɜɚɧɢɯ ɚɥɶɬɟɪɧɚɬɢɜ. ɋɜɨɸ 
ɩɪɨɞɭɤɬɢɜɧɿɫɬɶ ɩɿɞɬɜɟɪɞɢɜ ɲɥɹɯ ɜɢɜɱɟɧɧɹ ɞɟɹɤɢɯ ɤɥɚɫɿɜ ɛɚɝɚɬɨɤɪɢɬɟɪɿɚɥɶɧɢɯ 
ɡɚɞɚɱ, ɰɿɥɶɨɜɿ ɮɭɧɤɰɿʀ ɹɤɢɯ ɦɚɸɬɶ ɩɟɜɧɿ ɜɥɚɫɬɢɜɨɫɬɿ. Ȼɭɥɚ ɜɜɟɞɟɧɚ ɤɨɧɰɟɩɰɿɹ ɩɨɜɧɢɯ 
ɡɚɞɚɱ, ɞɥɹ ɹɤɢɯ ɜɢɤɨɧɭєɬɶɫɹ ɪɿɜɧɿɫɬɶ ɦɧɨɠɢɧɢ ɞɨɩɭɫɬɢɦɢɯ ɪɿɲɟɧɶ, ɦɧɨɠɢɧɢ ɉɚɪɟɬɨ 
ɿ ɩɨɜɧɨɝɨ ɧɚɛɨɪɭ ɚɥɶɬɟɪɧɚɬɢɜ.  

ɍ ɩɨɩɟɪɟɞɧɿɯ ɪɨɛɨɬɚɯ ɚɜɬɨɪɚɦɢ ɜɜɟɞɟɧɨ ɩɨɧɹɬɬɹ ɤɜɚɡɿɩɨɜɧɨɬɢ.  ɍ ɫɬɚɬɬɿ ɜɢɞɿɥɟɧɨ 
ɤɥɚɫ ɞɜɨɤɪɢɬɟɪɿɚɥɶɧɢɯ ɡɚɞɚɱ. Ⱦɨɩɭɫɬɢɦɟ ɪɿɲɟɧɧɹ ɡɚ ɩɟɪɲɢɦ ɤɪɢɬɟɪɿєɦ ɜ ɰɢɯ 
ɡɚɞɚɱɚɯ ɦɚє ɩɨɫɬɿɣɧɟ ɱɢɫɥɨ ɪɟɛɟɪ, ɿ ɰɿɥɶɨɜɚ ɮɭɧɤɰɿɹ ɦɿɫɬɢɬɶ ɤɪɢɬɟɪɿɣ ɜɚɝɢ ɿ ɤɪɢɬɟɪɿɣ 
ɦɿɧɿɦɚɤɫɧɨɝɨ ɪɟɛɪɚ. ɉɪɟɞɫɬɚɜɧɢɤɚɦɢ ɰɶɨɝɨ ɤɥɚɫɭ ɨɛɪɚɧɿ ɡɚɞɚɱɚ ɧɚ ɝɪɚɮɿ ɡɚɝɚɥɶɧɨʀ 
ɫɬɪɭɤɬɭɪɢ ɬɚ ɡɚɞɚɱɚ ɧɚ ɞɜɨɞɨɥɶɧɨɦɭ ɝɪɚɮɿ, ɞɨɩɭɫɬɢɦɿ ɪɿɲɟɧɧɹ ɹɤɢɯ ɦɚɸɬɶ ɩɨɫɬɿɣɧɭ 
ɤɿɥɶɤɿɫɬɶ ɪɟɛɟɪ. ɋɮɨɪɦɨɜɚɧɚ ɦɟɬɨɞɢɤɚ ɜɢɜɱɟɧɧɹ ɜɥɚɫɬɢɜɨɫɬɟɣ ɿ ɨɰɿɧɤɢ ɩɨɬɭɠɧɨɫɬɟɣ 
ɞɨɩɭɫɬɢɦɨʀ ɦɧɨɠɢɧɢ ɪɿɲɟɧɶ, ɩɚɪɟɬɨɜɫɤɨʀ ɦɧɨɠɢɧɢ ɿ ɩɨɜɧɨʀ ɦɧɨɠɢɧɢ ɚɥɶɬɟɪɧɚɬɢɜ 
ɞɥɹ ɡɚɞɚɱ ɜɢɞɿɥɟɧɨɝɨ ɤɥɚɫɭ. Ⱦɨɜɟɞɟɧɨ ɬɟɨɪɟɦɭ ɩɪɨ ɤɜɚɡɿɩɨɜɧɨɬɭ ɡɚɞɚɱ ɜɢɞɿɥɟɧɨɝɨ 
ɤɥɚɫɭ. Ɉɬɪɢɦɚɧɨ ɨɰɿɧɤɢ ɞɥɹ ɞɜɨɯ ɩɪɟɞɫɬɚɜɧɢɤɿɜ ɰɶɨɝɨ ɤɥɚɫɭ: «ɩɪɨ ɨɫɬɨɜɧɟ ɞɟɪɟɜɨ ɿ 
ɦɢɧɢɦɚɤɫɧɟ ɪɟɛɪɨ», «ɩɪɨ ɞɨɫɤɨɧɚɥɟ ɩɚɪɨɫɩɨɥɭɱɟɧɧɹ ɧɚ ɞɜɨɞɨɥɶɧɨɦɭ ɝɪɚɮɿ ɿ 
ɦɿɧɿɦɚɤɫɧɟ ɪɟɛɪɨ». Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɩɨɥɿɧɨɦɿɚɥɶɧɿ ɚɥɝɨɪɢɬɦɢ ɜɢɪɿɲɟɧɧɹ 
ɞɨɫɥɿɞɠɭɜɚɧɢɯ ɡɚɞɚɱ. Ⱦɚɧɨ ɨɰɿɧɤɢ ɨɛɱɢɫɥɸɜɚɥɶɧɨʀ ɫɤɥɚɞɧɨɫɬɿ ɰɢɯ ɚɥɝɨɪɢɬɦɿɜ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɛɚɝɚɬɨɤɪɢɬɟɪɿɚɥɶɧɚ ɨɩɬɢɦɿɡɚɰɿɹ, ɩɚɪɟɬɨɜɫɶɤɚ ɦɧɨɠɢɧɚ, ɩɨɜɧɚ 
ɦɧɨɠɢɧɚ ɚɥɶɬɟɪɧɚɬɢɜ, ɤɜɚɡɿɩɨɜɧɚ ɡɚɞɚɱɚ. 

 

The tasks of multi-criteria optimization in the general formulation do not have a trivial 

solution, which gives rise to a multitude of approaches in determining the most “success-

ful” solution from a certain set of solutions that satisfy the problem conditions. One of the 

ways of formal defining of the possible alternative solution set is to isolate the Pareto set, 

i.e. the set of unimprovable alternatives. The previously developed approach  
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was applied for studying some classes of multi-criteria problems, the objective functions of 

which have certain properties, and its productivity was confirmed. The concept of complete 

problems was introduced, for which the equality of the sets of feasible solutions, the Pareto 

and the full set of alternatives was fulfilled. In previous works, the authors introduced the 

concept of quasi-completeness. In the article the class of two-criterion problems, for which 

the admissible solution for the first criterion has a constant number of edges, and objective 

function contains the criterion of weight and the criterion of the minimax edge, is 

distinguished. The problem on the graph of the general structure and the problem on the 

bichromatic graph, for which the feasible solutions have a constant number of edges, were 

selected as representatives of this class. A method for studying the properties and 

estimating the powers of an admissible set of solutions, a Pareto set and a complete set of 

alternatives for the problems of the selected class, has been formulated. A theorem on the 

quasi-completeness for the selected class problems is proved. There were obtained 

estimates for two representatives of this class: “about a spanning tree and a minimax 
edge”, “about a perfect matching on a bichromatic graph and a minimax edge”. 

Polynomial algorithms for solving the problems under study are proposed. Estimates of 

the computational complexity of these algorithms are given. 

Keywords: multi-criteria optimization, Pareto set, full set of alternatives, quasi-complete 

problem. 

 

ȼɜɟɞɟɧɢɟ. Ɂɚɞɚɱɢ ɦɧɨɝɨɤɪɢɬɟɪɢɚɥɶɧɨɣ ɨɩɬɢɦɢɡɚɰɢɢ ɜ ɨɛɳɟɣ ɩɨɫɬɚɧɨɜɤɟ 
ɧɟ ɢɦɟɸɬ ɬɪɢɜɢɚɥɶɧɨɝɨ ɪɟɲɟɧɢɹ, ɱɬɨ ɩɨɪɨɠɞɚɟɬ ɦɧɨɠɟɫɬɜɨ ɩɨɞɯɨɞɨɜ ɜ 
ɨɩɪɟɞɟɥɟɧɢɢ ɧɚɢɛɨɥɟɟ «ɭɞɚɱɧɨɝɨ» ɢɡ ɧɟɤɨɬɨɪɨɣ ɫɨɜɨɤɭɩɧɨɫɬɢ ɪɟɲɟɧɢɣ, 
ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɩɨɫɬɚɜɥɟɧɧɵɦ ɭɫɥɨɜɢɹɦ. Ɉɞɧɢɦ ɢɡ ɩɭɬɟɣ ɮɨɪɦɚɥɶɧɨɝɨ 
ɨɩɪɟɞɟɥɟɧɢɹ ɦɧɨɠɟɫɬɜɚ ɜɨɡɦɨɠɧɵɯ ɚɥɶɬɟɪɧɚɬɢɜɧɵɯ ɪɟɲɟɧɢɣ ɹɜɥɹɟɬɫɹ 
ɜɵɞɟɥɟɧɢɟ ɩɚɪɟɬɨɜɫɤɨɝɨ ɦɧɨɠɟɫɬɜɚ, ɦɧɨɠɟɫɬɜɚ ɧɟɭɥɭɱɲɚɟɦɵɯ ɚɥɶɬɟɪɧɚɬɢɜ 
[1]. ȼ ɪɚɛɨɬɚɯ [4,7] ɩɪɨɞɟɦɨɧɫɬɪɢɪɨɜɚɧɵ ɜɨɡɦɨɠɧɨɫɬɢ ɢɫɩɨɥɶɡɨɜɚɧɢɹ 
ɩɨɥɧɨɝɨ ɦɧɨɠɟɫɬɜɚ ɚɥɶɬɟɪɧɚɬɢɜ, ɜɵɞɟɥɹɟɦɨɝɨ ɢɡ ɩɚɪɟɬɨɜɫɤɨɝɨ ɦɧɨɠɟɫɬɜɚ. 
ɋɜɨɸ ɩɪɨɞɭɤɬɢɜɧɨɫɬɶ ɩɨɞɬɜɟɪɞɢɥ ɩɭɬɶ ɢɡɭɱɟɧɢɹ ɧɟɤɨɬɨɪɵɯ ɤɥɚɫɫɨɜ 
ɦɧɨɝɨɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ, ɰɟɥɟɜɵɟ ɮɭɧɤɰɢɢ ɤɨɬɨɪɵɯ ɨɛɥɚɞɚɸɬ 
ɨɩɪɟɞɟɥɟɧɧɵɦɢ ɫɜɨɣɫɬɜɚɦɢ. Ɍɚɤ ɛɵɥɨ ɜɜɟɞɟɧɨ ɩɨɧɹɬɢɟ ɩɨɥɧɵɯ ɡɚɞɚɱ, ɞɥɹ 
ɤɨɬɨɪɵɯ ɜɵɩɨɥɧɹɥɨɫɶ ɪɚɜɟɧɫɬɜɨ ɦɧɨɠɟɫɬɜ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ, 
ɩɚɪɟɬɨɜɫɤɨɝɨ ɢ ɩɨɥɧɨɝɨ ɦɧɨɠɟɫɬɜɚ ɚɥɶɬɟɪɧɚɬɢɜ. Ȼɵɥɢ ɨɩɪɟɞɟɥɟɧɵ ɤɥɚɫɫɵ 
ɩɨɥɧɵɯ ɡɚɞɚɱ [2,4,6,7]. 

ȼ ɫɬɚɬɶɟ [5] ɚɜɬɨɪɚɦɢ ɜɜɟɞɟɧɨ ɩɨɧɹɬɢɟ ɤɜɚɡɢɩɨɥɧɨɬɵ, ɫɮɨɪɦɭɥɢɪɨɜɚɧɵ 
ɧɟɨɛɯɨɞɢɦɵɟ ɢ ɞɨɫɬɚɬɨɱɧɵɟ ɭɫɥɨɜɢɹ ɧɚɥɢɱɢɹ ɫɜɨɣɫɬɜɚ ɩɨɥɧɨɬɵ ɢ 
ɤɜɚɡɢɩɨɥɧɨɬɵ ɞɥɹ ɤɥɚɫɫɚ ɞɜɭɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ, ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ ɤɨɬɨɪɵɯ 
ɨɛɴɟɞɢɧɹɟɬ ɞɜɚ ɨɞɧɨɬɢɩɧɵɯ ɭɫɥɨɜɢɹ «ɜɟɫ-ɜɟɫ». ɉɪɨɜɟɞɟɧ ɚɧɚɥɢɡ ɫɬɪɭɤɬɭɪɵ ɢ 
ɨɰɟɧɤɢ ɦɨɳɧɨɫɬɟɣ ɦɧɨɠɟɫɬɜɚ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ (ɆȾɊ), ɩɚɪɟɬɨɜɫɤɨɝɨ 
ɦɧɨɠɟɫɬɜɚ (ɉɆ) ɢ ɩɨɥɧɨɝɨ ɦɧɨɠɟɫɬɜɚ ɚɥɶɬɟɪɧɚɬɢɜ (ɉɆȺ).  

Ɇɚɬɟɪɢɚɥ ɩɪɟɞɫɬɚɜɥɟɧɧɨɣ ɫɬɚɬɶɢ ɨɬɪɚɠɚɟɬ ɫɥɟɞɭɸɳɢɣ ɷɬɚɩ ɩɨ ɢɡɭɱɟɧɢɸ 
ɫɜɨɣɫɬɜ ɞɜɭɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ ɧɚ ɝɪɚɮɚɯ ɫ ɨɩɪɟɞɟɥɟɧɧɵɦɢ ɫɜɨɣɫɬɜɚɦɢ 
ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ. ɋɬɚɬɶɹ ɩɨɫɜɹɳɟɧɚ ɢɡɭɱɟɧɢɸ ɤɥɚɫɫɚ ɞɜɭɤɪɢɬɟɪɢɚɥɶɧɵɯ 
ɡɚɞɚɱ ɧɚ ɝɪɚɮɚɯ, ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ ɤɨɬɨɪɵɯ ɨɛɴɟɞɢɧɹɟɬ ɪɚɡɧɨɬɢɩɧɵɟ ɭɫɥɨɜɢɹ 
«ɜɟɫ-ɤɪɢɬɢɱɟɫɤɨɟ ɪɟɛɪɨ». ɉɪɟɞɫɬɚɜɢɬɟɥɹɦɢ ɷɬɨɝɨ ɤɥɚɫɫɚ ɜɵɛɪɚɧɵ ɡɚɞɚɱɚ ɧɚ 
ɝɪɚɮɟ ɨɛɳɟɣ ɫɬɪɭɤɬɭɪɵ ɢ ɡɚɞɚɱɚ ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ, ɞɨɩɭɫɬɢɦɵɟ ɪɟɲɟɧɢɹ 
ɤɨɬɨɪɵɯ ɢɦɟɸɬ ɩɨɫɬɨɹɧɧɨɟ ɤɨɥɢɱɟɫɬɜɨ ɪɟɛɟɪ. ɉɪɟɞɥɨɠɟɧɚ ɦɟɬɨɞɢɤɚ 
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ɢɡɭɱɟɧɢɹ ɫɜɨɣɫɬɜ, ɫɬɪɭɤɬɭɪɵ ɢ ɨɰɟɧɤɢ ɦɨɳɧɨɫɬɟɣ ɆȾɊ, ɉɆ, ɉɆȺ, ɚ ɬɚɤɠɟ 
ɩɨɥɢɧɨɦɢɚɥɶɧɵɟ ɚɥɝɨɪɢɬɦɵ ɪɟɲɟɧɢɹ ɢɡɭɱɚɟɦɵɯ ɡɚɞɚɱ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ. ɋɢɦɜɨɥɨɦ Z , 3,1=  ɛɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ 
ɫɮɨɪɦɭɥɢɪɨɜɚɧɧɭɸ ɧɚ −n ɜɟɪɲɢɧɧɨɦ ɝɪɚɮɟ ),( EVG =  ɨɞɧɨɤɪɢɬɟɪɢɚɥɶɧɭɸ 

ɡɚɞɚɱɭ ɧɚɯɨɠɞɟɧɢɹ ɷɤɫɬɪɟɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɢɹ ɫɭɦɦɵ ɜɟɫɨɜ ɪɟɛɟɪ:  1Z - ɨɛ 
ɨɫɬɨɜɧɵɯ ɞɟɪɟɜɶɹɯ, 2Z - ɨ ɫɨɜɟɪɲɟɧɧɵɯ ɩɚɪɨɫɨɱɟɬɚɧɢɹɯ ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ 
ɫ ɪɚɜɧɵɦɢ ɞɨɥɹɦɢ. Ⱦɥɹ ɡɚɞɚɱɢ 2Z  ɭɫɥɨɜɢɦɫɹ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ ɜɟɪɲɢɧ V  

ɝɪɚɮɚ ( , )G V E=  ɪɚɫɩɚɞɚɟɬɫɹ ɧɚ ɞɜɚ ɪɚɜɧɨɦɨɳɧɵɯ ɧɟɩɟɪɟɫɟɤɚɸɳɢɯɫɹ 
ɩɨɞɦɧɨɠɟɫɬɜɚ 21,VV , = 21 VV , 21 VVV = . ȼɧɭɬɪɢ ɩɨɞɦɧɨɠɟɫɬɜ 21,VV  

ɜɟɪɲɢɧɵ ɧɟɫɦɟɠɧɵ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɝɪɚɮ ),( EVG =  ɞɜɭɞɨɥɶɧɵɣ, ɢ 21,VV -

ɦɧɨɠɟɫɬɜɚ ɜɟɪɲɢɧ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɩɟɪɜɨɣ ɢ ɜɬɨɪɨɣ ɞɨɥɟɣ. Ɂɚɞɚɱɢ 1Z  ɢ 2Z  

ɨɬɧɨɫɹɬɫɹ ɤ ɤɥɚɫɫɭ ɡɚɞɚɱ, ɞɨɩɭɫɬɢɦɵɟ ɪɟɲɟɧɢɹ ɤɨɬɨɪɵɯ ɢɦɟɸɬ ɩɨɫɬɨɹɧɧɨɟ 
ɱɢɫɥɨ ɪɟɛɟɪ. ɋɢɦɜɨɥɨɦ 3Z  ɛɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ ɫɮɨɪɦɭɥɢɪɨɜɚɧɧɭɸ ɧɚ n - 

ɜɟɪɲɢɧɧɨɦ ɝɪɚɮɟ ),( EVG =  ɨɞɧɨɤɪɢɬɟɪɢɚɥɶɧɭɸ ɡɚɞɚɱɭ ɧɚɯɨɠɞɟɧɢɹ 
ɦɢɧɢɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɢɹ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɜɟɫɚ ɪɟɛɪɚ, ɧɚɡɨɜɟɦ ɷɬɭ ɡɚɞɚɱɭ «ɨ 
ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ».  

Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ ɡɚɞɚɱɢ Z  ɫ ɢɧɞɢɜɢɞɭɚɥɶɧɵɦ 
ɤɪɢɬɟɪɢɟɦ )(xF  ɨɛɨɡɧɚɱɢɦ ɱɟɪɟɡ }{  xX = , ɝɞɟ x = ),(  EV - ɩɨɞɝɪɚɮ ɝɪɚɮɚ 

,G  VV  , EE  ,   - ɢɧɞɢɜɢɞɭɚɥɶɧɵɣ ɧɨɦɟɪ ɤɪɢɬɟɪɢɹ. ɋɢɦɜɨɥɨɦ 
21 ,Z  

ɛɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ ɞɜɭɯɤɪɢɬɟɪɢɚɥɶɧɭɸ ɡɚɞɚɱɭ ɧɚ ɞɜɭɯɜɡɜɟɲɟɧɧɨɦ 
−n ɜɟɪɲɢɧɧɨɦ −m ɪɟɛɟɪɧɨɦ ɝɪɚɮɟ ɫ ɤɪɢɬɟɪɢɹɦɢ extrxF

i
→)( , 2,1=i  

ɜɟɤɬɨɪɧɨɣ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ )(
2121 ,,  xF . ɂɧɞɟɤɫɵ i , 2,1=i  ɨɛɨɡɧɚɱɚɸɬ 

ɢɧɞɢɜɢɞɭɚɥɶɧɵɟ ɧɨɦɟɪɚ ɤɪɢɬɟɪɢɟɜ, ɩɪɢɱɟɦ ɩɨɪɹɞɨɤ ɤɪɢɬɟɪɢɟɜ )(xF
i

, 

ɨɩɪɟɞɟɥɹɟɬ ɨɱɟɪɟɞɧɨɫɬɶ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 
i

Z .  

Ⱦɥɹ ɞɜɭɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ ɩɪɢɦɟɦ ɨɛɨɡɧɚɱɟɧɢɹ: 
} ,),,( {

2211212121 ,,  XxXxxxxxxX ===  - ɆȾɊ ɡɚɞɚɱɢ 
21 ,Z , ɝɞɟ 

),(
2121 ,  xxx = - ɞɨɩɭɫɬɢɦɨɟ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ 

21 ,Z , ɩɪɟɞɫɬɚɜɥɹɸɳɟɟ ɫɨɛɨɣ 
ɞɜɚ ɩɨɞɝɪɚɮɚ =

i
x ),(

i
EV  , 2,1=i  ɞɚɧɧɨɝɨ ɝɪɚɮɚ ),,( EVG = EE

i
 ; 

−
21,X ɦɨɳɧɨɫɬɶ ɦɧɨɠɟɫɬɜɚ ;

21 ,X
21,

~
X - ɩɚɪɟɬɨɜɫɤɨɟ ɦɧɨɠɟɫɬɜɨ 

ɞɜɭɯɤɪɢɬɟɪɢɚɥɶɧɨɣ ɡɚɞɚɱɢ 
21 ,Z , 

2121 ,,

~
 XX  ; 21 ,

0
X - ɩɨɥɧɨɟ ɦɧɨɠɟɫɬɜɨ 

ɚɥɶɬɟɪɧɚɬɢɜ, ɤɨɬɨɪɨɟ ɨɩɪɟɞɟɥɹɟɬɫɹ ɤɚɤ ɩɨɞɦɧɨɠɟɫɬɜɨ ɉɆ 

2121 ,,
0 ~

 XX  ɦɢɧɢɦɚɥɶɧɨɣ ɦɨɳɧɨɫɬɢ 21 ,
0

X  ɢ ɬɚɤɨɟ, ɱɬɨ 

)
~

()(
21212121 ,,,

0
,  XFXF = [4].   
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Ɇɧɨɝɨɤɪɢɬɟɪɢɚɥɶɧɭɸ ɡɚɞɚɱɭ 
21 ,Z  ɧɚɡɨɜɟɦ ɤɜɚɡɢɩɨɥɧɨɣ, ɟɫɥɢ ɞɥɹ ɆȾɊ 

21 ,X  ɫɭɳɟɫɬɜɭɸɬ ɬɚɤɢɟ ɩɚɪɚɦɟɬɪɵ ɜɟɤɬɨɪɧɨɣ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ (ȼɐɎ) )(xF , 

ɩɪɢ ɤɨɬɨɪɵɯ ɦɚɤɫɢɦɚɥɶɧɵɟ ɦɨɳɧɨɫɬɢ ɆȾɊ, ɉɆ ɢ ɉɆȺ ɩɨɞɱɢɧɟɧɵ 
ɫɨɨɬɧɨɲɟɧɢɸ  

212121 ,,,
0 ~

 XXX =  [5]. 

ɉɪɢɫɜɨɢɦ ɤɚɠɞɨɦɭ ɪɟɛɪɭ Eet  , mt ,1=  n -ɜɟɪɲɢɧɧɨɝɨ ɝɪɚɮɚ ),,( EVG =  

mE =  ɩɚɪɭ ɜɟɫɨɜ )( ti e , 2,1=i , mt ,1= .  

ȼɵɞɟɥɢɦ ɤɥɚɫɫ ɞɜɭɯɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ, ȼɐɎ ɤɨɬɨɪɵɯ ɫɨɫɬɨɢɬ ɢɡ 
ɤɪɢɬɟɪɢɹ ɜɟɫɚ ɢ ɦɢɧɢɦɚɤɫɧɨɝɨ ɪɟɛɪɚ:  

 
))(),(())(),(()( 4121

xFxFxFxFxF  ==  ,                           (1) 

)(
1

xF = max)()()(
1

1114,11 →== 
 xEe

exx  ,                              (2) 

min)(max)( 23,13
1

→=


exF
xEe
 .                                     (3) 

Ɉɫɨɛɟɧɧɨɫɬɶɸ ɡɚɞɚɱ ɜɵɞɟɥɟɧɧɨɝɨ ɤɥɚɫɫɚ ɹɜɥɹɟɬɫɹ ɬɨ, ɱɬɨ ɤɚɠɞɨɟ ɢɡ 
ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ 

i
x , 2,1=i  ɜ ɨɬɞɟɥɶɧɨɫɬɢ ɫɨɫɬɨɢɬ ɢɡ ɨɞɧɨɝɨ ɬɢɩɚ 

ɩɨɞɝɪɚɮɨɜ ɝɪɚɮɚ G , ɬɚɤɢɯ ɤɚɤ ɨɫɬɨɜɧɨɟ ɞɟɪɟɜɨ, ɫɨɜɟɪɲɟɧɧɨɟ ɩɚɪɨɫɨɱɟɬɚɧɢɟ 
ɢ ɪɟɛɪɨ. ɉɪɢɱɟɦ, ɬɢɩɵ ɩɨɞɝɪɚɮɨɜ 

1
x  ɢ 

2
x  ɧɟ ɫɨɜɩɚɞɚɸɬ. 

Ⱦɚɥɶɧɟɣɲɢɣ ɦɚɬɟɪɢɚɥ ɩɨɫɜɹɳɟɧ ɢɡɭɱɟɧɢɸ ɫɬɪɭɤɬɭɪɵ ɆȾɊ }{ 3,3, 11  xX = , 

ɉɆ 3,1

~
X , ɉɆȺ 3,

0
1X , 2,11 = , ɦɨɳɧɨɫɬɟɣ ɷɬɢɯ ɦɧɨɠɟɫɬɜ ɧɚ ɨɫɧɨɜɚɧɢɢ 

ɦɧɨɠɟɫɬɜ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ 
1X

ɢ 3X  ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ 
ɨɞɧɨɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ 

1
Z ɢ 3Z  ɫ ɰɟɥɟɜɵɦɢ ɮɭɧɤɰɢɹɦɢ )(

11  xF , )( 33 xF . 

ɉɨɥɭɱɟɧɧɵɟ ɪɟɡɭɥɶɬɚɬɵ ɩɨɡɜɨɥɹɬ ɫɞɟɥɚɬɶ ɜɵɜɨɞ ɨ ɧɚɥɢɱɢɢ ɢɥɢ ɨɬɫɭɬɫɬɜɢɢ 
ɫɜɨɣɫɬɜ ɩɨɥɧɨɬɵ ɢɥɢ ɤɜɚɡɢɩɨɥɧɨɬɵ ɞɥɹ ɡɚɞɚɱ ɜɵɞɟɥɟɧɧɨɝɨ ɤɥɚɫɫɚ 3,1

Z , 

2,11 = . 

Ɇɟɬɨɞ ɪɟɲɟɧɢɹ. ɉɨɫɬɪɨɢɦ ɚɥɝɨɪɢɬɦ   ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 3,1
Z , 2,11 = . ɇɚ 

ɩɟɪɜɨɦ ɷɬɚɩɟ ɚɥɝɨɪɢɬɦɚ  ɮɨɪɦɢɪɭɟɬɫɹ ɆȾɊ }{
11


 xX = , MX =

1 , M,1=  

ɡɚɞɚɱɢ 
1

Z , ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɢɧɞɟɤɫɭ 1 . Ʉɚɠɞɨɟ ɞɨɩɭɫɬɢɦɨɟ ɪɟɲɟɧɢɟ 

11 


 Xx   ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɩɨɞɝɪɚɮ ),(
111








 EVx =  ɝɪɚɮɚ ),( EVG = , 

VV 
 1

, EE 
 1

. ɇɚ ɜɬɨɪɨɦ ɷɬɚɩɟ ɩɨ ɡɧɚɱɟɧɢɸ ɜɬɨɪɨɝɨ ɜɟɫɚ )(2 e , 
1

x
Ee ɧɚ 

ɤɚɠɞɨɦ ɩɨɞɝɪɚɮɟ 
1

x , M,1=  ɪɟɲɚɟɬɫɹ ɡɚɞɚɱɚ ɨ ɧɚɯɨɠɞɟɧɢɢ ɪɟɛɪɚ 
ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɜɟɫɚ )()( 22

1

eextre
x

Ee
extr 







= . ɉɪɢɦɟɧɢɜ ɷɬɨɬ ɩɪɢɟɦ ɞɥɹ ɤɚɠɞɨɝɨ 

ɧɨɦɟɪɚ ],1[ M , ɮɨɪɦɢɪɭɟɦ ɆȾɊ }{ 3,3, 11  xX =  ɡɚɞɚɱɢ 3,1
Z . Ⱦɥɹ ɤɚɠɞɨɝɨ 

ɞɨɩɭɫɬɢɦɨɝɨ ɪɟɲɟɧɢɹ 3,1
x  ɡɧɚɱɟɧɢɟ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ ɨɩɪɟɞɟɥɟɧɨ ɜ ɜɢɞɟ 
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ɩɚɪɵ ))(),(( 31


 xFxF , ɝɞɟ )()(

11 1





  xxF = , )()( 23

  extrexF = . ɇɚ ɬɪɟɬɶɟɦ 
ɷɬɚɩɟ ɢɡ ɆȾɊ ɜɵɞɟɥɹɟɬɫɹ ɉɆ 3,1

~
X  ɫɨɝɥɚɫɧɨ ɤɪɢɬɟɪɢɹɦ (2)-(3). 

Ɋɚɫɫɦɨɬɪɢɦ ɫɬɪɭɤɬɭɪɭ ɆȾɊ 3,1
X , ɉɆ 3,1

~
X  ɢ ɉɆȺ 0

3,1
X  

ɡɚɞɚɱ 3,1
Z , 2,11 = . ȼ ɝɪɚɮɟ ),( EVG =  ɪɟɛɪɚ Ee  ɩɟɪɟɧɭɦɟɪɭɟɦ ɱɢɫɥɚɦɢ 

Emmett === ,,1)( . Ⱦɥɹ ɤɚɠɞɨɝɨ ɪɟɛɪɚ Eet   ɨɩɪɟɞɟɥɢɦ ɩɟɪɜɵɣ ɢ 
ɜɬɨɪɨɣ ɜɟɫ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: 

tt 2)(1 = , )()( 102 trt  −= , Emmett === ,,1)( , 1
0 2 += mr .      (4) 

ȼɡɜɟɲɢɜɚɧɢɟ (4) ɨɛɟɫɩɟɱɢɜɚɟɬ ɪɚɜɧɵɟ ɫɭɦɦɵ ɩɟɪɜɵɯ ɜɟɫɨɜ ɪɟɛɟɪ ɬɨɥɶɤɨ 
ɞɥɹ ɫɨɜɩɚɞɚɸɳɢɯ ɩɨ ɦɧɨɠɟɫɬɜɭ ɪɟɛɟɪ ɩɨɞɝɪɚɮɨɜ. ɉɨɷɬɨɦɭ ɜɵɞɟɥɟɧɧɵɟ ɧɚ 
ɩɟɪɜɨɦ ɷɬɚɩɟ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 3,1

Z , 2,11 =  ɩɨɩɚɪɧɨ ɪɚɡɥɢɱɧɵɟ ɩɨɞɝɪɚɮɵ 

}{
11


 xX = , MX =

1
, M,1=  ɧɟ ɢɦɟɸɬ ɫɨɜɩɚɞɚɸɳɢɯ ɡɧɚɱɟɧɢɣ ɩɨ 

ɤɪɢɬɟɪɢɸ (2).  
ɉɟɪɜɨɣ ɢɡ ɜɵɞɟɥɟɧɧɨɝɨ ɤɥɚɫɫɚ ɪɚɫɫɦɨɬɪɢɦ ɡɚɞɚɱɭ 3,1Z  «ɨɛ ɨɫɬɨɜɧɵɯ 

ɞɟɪɟɜɶɹɯ ɢ ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ».   

ɂɡɭɱɢɦ ɫɬɪɭɤɬɭɪɭ ɆȾɊ 3,1X , ɉɆ 3,1

~
X  ɢ ɉɆȺ 0

3,1X  ɫ ɤɪɢɬɟɪɢɹɦɢ (1)-(3) 

ɩɪɢ 11 = . Ɇɨɳɧɨɫɬɶ ɆȾɊ 3,1X  ɡɚɞɚɱɢ 3,1Z  ɨɩɪɟɞɟɥɹɟɬɫɹ ɦɨɳɧɨɫɬɶɸ ɆȾɊ 1X  

ɡɚɞɚɱɢ 1Z , ɤɨɬɨɪɚɹ ɪɟɲɚɟɬɫɹ ɧɚ ɩɟɪɜɨɦ ɷɬɚɩɟ ɚɥɝɨɪɢɬɦɚ  . Ɇɧɨɠɟɫɬɜɨ 
}{ 11


xX =  ɨɛɴɟɞɢɧɹɟɬ ɨɫɬɨɜɧɵɟ ɞɟɪɟɜɶɹ ),( 11

 EVx = , 11 −= nE 
, M,1=  n -

ɜɟɪɲɢɧɧɨɝɨ ɝɪɚɮɚ ),,( EVG =  mE = , EE 
1 , mn −1 . Ɇɚɤɫɢɦɚɥɶɧɚɹ 

ɦɨɳɧɨɫɬɶ ɆȾɊ ɞɨɫɬɢɝɚɟɬɫɹ ɧɚ ɩɨɥɧɨɦ ɝɪɚɮɟ ɢ ɨɩɪɟɞɟɥɹɟɬɫɹ ɮɨɪɦɭɥɨɣ Ʉɷɥɢ 
2−nn [4].  

ɋɮɨɪɦɢɪɭɟɦ ɪɚɡɛɢɟɧɢɟ ɆȾɊ }{ 13,1


xX = , ),( 11

 EVx =  ɧɚ ɩɨɞɦɧɨɠɟɫɬɜɚ 

3,1
iX , )2(,1 +−= nmi  ɩɨ ɩɪɢɡɧɚɤɭ «ɧɚɢɦɟɧɶɲɢɣ ɧɨɦɟɪ )(et  ɪɟɛɪɚ 

1Ee », 


)2(,1

3,13,1
+−=

=
nmi

iXX ,  =3,13,1
ji XX , ji  , 21 +− nmi , 21 +− nmj . 

ɋɨɝɥɚɫɧɨ ɜɡɜɟɲɢɜɚɧɢɸ (4), ɧɚ ɷɥɟɦɟɧɬɚɯ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,1
iX  ɰɟɥɟɜɚɹ 

ɮɭɧɤɰɢɹ )( 1


xF  ɛɭɞɟɬ ɩɪɢɧɢɦɚɬɶ ɪɚɡɥɢɱɧɵɟ ɡɧɚɱɟɧɢɹ ɩɨ ɤɪɢɬɟɪɢɸ )( 11


xF . 

Ɋɟɛɪɚ ɤɚɠɞɨɝɨ ɨɫɬɨɜɧɨɝɨ ɞɟɪɟɜɚ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,1
iX , )2(1 +− nmi  

ɭɩɨɪɹɞɨɱɢɦ «ɩɨ ɜɨɡɪɚɫɬɚɧɢɸ ɧɨɦɟɪɨɜ )(et  ɪɟɛɟɪ 
1Ee » ɧɚ ɩɨɡɢɰɢɹɯ ɨɬ 1 ɞɨ 

1−n . ɉɭɫɬɶ ɪɟɲɟɧɢɹ ),( 111


EVx =  ɢ ),( 111


EVx =  ɨɬɥɢɱɚɸɬɫɹ ɬɨɥɶɤɨ 

ɪɟɛɪɚɦɢ 
t

e  ɢ 
t

e  ɧɚ 1−n  ɩɨɡɢɰɢɢ ɫ ɧɚɢɛɨɥɶɲɢɦɢ ɧɨɦɟɪɚɦɢ t  ɢ t  ɩɪɢ 

Mtt  1 , ɬ.ɟ. 



tt еEеE \\ 11 = . ɋɨɝɥɚɫɧɨ ɜɡɜɟɲɢɜɚɧɢɸ (4), 

)()( 11 
 tt ee  , ɱɬɨ ɨɡɧɚɱɚɟɬ )( 11


xF )( 11


xF .  

ɋɨɝɥɚɫɧɨ ɩɪɚɜɢɥɚɦ ɮɨɪɦɢɪɨɜɚɧɢɹ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,1
iX , ɧɚ ɟɝɨ ɷɥɟɦɟɧɬɚɯ 

ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ )( 1


xF  ɛɭɞɟɬ ɩɪɢɧɢɦɚɬɶ ɫɨɜɩɚɞɚɸɳɢɟ ɡɧɚɱɟɧɢɹ ɩɨ 
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ɤɪɢɬɟɪɢɸ )( 13


xF  (3). Ɋɟɛɪɨ, ɡɚɧɢɦɚɸɳɟɟ ɩɟɪɜɭɸ ɩɨɡɢɰɢɸ, ɢɦɟɟɬ 

ɧɚɢɦɟɧɶɲɢɣ ɧɨɦɟɪ )(et  ɢ ɦɚɤɫɢɦɚɥɶɧɵɣ ɜɟɫ 2 . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɩɨ ɤɪɢɬɟɪɢɸ 

(3) ɪɟɲɟɧɢɹ 
1x ɢ 

1x  ɫɨɜɩɚɞɚɸɬ )()()()( max214max214

  exFexF === . 

Ɋɟɲɟɧɢɟɦ, ɤɨɬɨɪɨɟ ɦɨɠɟɬ ɜɨɣɬɢ ɜ ɉɆ, ɹɜɥɹɟɬɫɹ ɬɨɥɶɤɨ ɨɞɧɨ ɢɡ ɞɜɭɯ, ɚ 
ɢɦɟɧɧɨ 

1x . Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɫɩɪɚɜɟɞɥɢɜɨ ɧɟɪɚɜɟɧɫɬɜɨ 3,13,1

~
XX  .   

Ⱦɥɹ ɤɚɠɞɨɝɨ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,1
iX  ɨɩɪɟɞɟɥɢɦ ɟɞɢɧɫɬɜɟɧɧɨɟ ɪɟɲɟɧɢɟ i

x1 , 

ɨɬɜɟɱɚɸɳɟɟ ɤɪɢɬɟɪɢɹɦ (2) ɢ (3). ɂɡ ɦɧɨɠɟɫɬɜɚ ɪɟɲɟɧɢɣ }{ 1

i
x , )2(,1 +−= nmi  

ɜɵɞɟɥɢɦ ɉɆ. əɜɥɹɟɬɫɹ ɫɩɪɚɜɟɞɥɢɜɵɦ ɧɟɪɚɜɟɧɫɬɜɨ 2
~

3,1 +− nmX . Ɉɱɟɜɢɞɧɨ 

ɜɵɩɨɥɧɟɧɢɟ ɪɚɜɟɧɫɬɜɚ ɦɨɳɧɨɫɬɟɣ ɉɆ ɢ ɉɆȺ 0
3,13,1

~
XX = . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, 

ɦɨɠɧɨ ɭɬɜɟɪɠɞɚɬɶ, ɱɬɨ ɞɥɹ ɡɚɞɚɱɢ 3,1Z  ɜ ɩɨɫɬɚɧɨɜɤɟ (1)-(3) ɩɪɢ 11 =  

ɜɵɩɨɥɧɹɟɬɫɹ ɫɨɨɬɧɨɲɟɧɢɟ ɤɜɚɡɢɩɨɥɧɨɬɵ 3,13,1
0

3,1

~
XXX = . Ɂɚɦɟɬɢɦ, ɱɬɨ 

ɩɪɢ ɱɚɫɬɧɨɦ ɫɥɭɱɚɟ ɜɡɜɟɲɢɜɚɧɢɹ (4) ɨɛɟɫɩɟɱɢɜɚɟɬɫɹ ɟɞɢɧɫɬɜɟɧɧɨɫɬɶ ɪɟɲɟɧɢɹ 
ɉɆ ɢ ɉɆȺ 1

~
4,1

0
4,1 == XX . Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɜ ɨɫɬɨɜɧɨɦ ɞɟɪɟɜɟ 

1x  ɤɪɢɬɟɪɢɣ 

)( 13


xF  ɨɩɪɟɞɟɥɹɟɬɫɹ «ɧɚɢɦɟɧɶɲɢɦ ɧɨɦɟɪɨɦ )(et  ɪɟɛɪɚ 

1Ee ». ɇɨ ɷɬɨ 
ɨɡɧɚɱɚɟɬ, ɱɬɨ ɞɥɹ ɜɵɩɨɥɧɟɧɢɹ ɭɫɥɨɜɢɹ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɢɹ ɤɪɢɬɟɪɢɹ 

)( 11


xF , ɪɟɛɪɨ ɫ ɧɚɢɛɨɥɶɲɢɦ ɧɨɦɟɪɨɦ ɩɪɢɧɚɞɥɟɠɢɬ ɦɧɨɠɟɫɬɜɭ 

1E  

ɨɛɹɡɚɬɟɥɶɧɨ.  
Ⱦɟɥɚɟɦ ɜɵɜɨɞ, ɱɬɨ ɹɜɥɹɟɬɫɹ ɫɩɪɚɜɟɞɥɢɜɨɣ  
Ɍɟɨɪɟɦɚ 1. Ɂɚɞɚɱɚ 3,1Z  «ɨɛ ɨɫɬɨɜɧɵɯ ɞɟɪɟɜɶɹɯ ɢ ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ» ɧɚ 

n -ɜɟɪɲɢɧɧɨɦ ɝɪɚɮɟ ),,( EVG =  mE =  ɫ ɜɟɤɬɨɪɧɨɣ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɟɣ (1)-(3) 

ɞɥɹ 11 =  ɹɜɥɹɟɬɫɹ ɤɜɚɡɢɩɨɥɧɨɣ, ɬ.ɟ. ɜɵɩɨɥɧɹɟɬɫɹ ɫɨɨɬɧɨɲɟɧɢɟ 
ɤɜɚɡɢɩɨɥɧɨɬɵ 3,13,1

0
3,1

~
XXX = . ɉɪɢɱɟɦ ɦɨɳɧɨɫɬɶ ɆȾɊ ɧɟ ɩɪɟɜɵɲɚɟɬ 

ɤɨɥɢɱɟɫɬɜɚ ɨɫɬɨɜɧɵɯ ɞɟɪɟɜɶɟɜ ɜ ɩɨɥɧɨɦ n -ɜɟɪɲɢɧɧɨɦ ɝɪɚɮɟ 2
3,1

− nnX , ɚ 
ɞɥɹ ɦɨɳɧɨɫɬɟɣ ɉɆ ɢ ɉɆȺ ɧɟɪɚɜɟɧɫɬɜɨ ɜɵɩɨɥɧɹɟɬɫɹ  

2
~

3,1
0

3,1 +−= nmXX . 

Ɋɚɫɫɦɨɬɪɢɦ ɡɚɞɚɱɭ 3,2Z  «ɨ ɫɨɜɟɪɲɟɧɧɨɦ ɩɚɪɨɫɨɱɟɬɚɧɢɢ ɜ ɞɜɭɞɨɥɶɧɨɦ 
ɝɪɚɮɟ ɢ ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ» ɜ ɩɨɫɬɚɧɨɜɤɟ (1)-(3) ɩɪɢ 21 = . Ⱦɥɹ ɚɧɚɥɢɡɚ 

ɫɬɪɭɤɬɭɪɵ ɆȾɊ 3,2X , ɉɆ 3,2

~
X  ɢ ɉɆȺ 0

3,2X  ɩɨɜɬɨɪɢɦ ɩɪɢɧɹɬɵɣ ɜɵɲɟ ɯɨɞ 
ɪɚɫɫɭɠɞɟɧɢɣ. Ɇɨɳɧɨɫɬɶ ɆȾɊ ɡɚɞɚɱɢ 3,2Z  ɨɩɪɟɞɟɥɹɟɬɫɹ ɦɨɳɧɨɫɬɶɸ 
ɦɧɨɠɟɫɬɜɚ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ ɡɚɞɚɱɢ 2Z , ɬ.ɟ. ɤɨɥɢɱɟɫɬɜɨɦ ɫɨɜɟɪɲɟɧɧɵɯ 
ɩɚɪɨɫɨɱɟɬɚɧɢɣ ),( 22

 EVx = , 
22

nE = ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ 

),,( EVG = 21 VVV = , mE = , 
221

nVV == , EE 
2 . Ʉɨɥɢɱɟɫɬɜɨ 

ɫɨɜɟɪɲɟɧɧɵɯ ɩɚɪɨɫɨɱɟɬɚɧɢɣ ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ G  ɨɩɪɟɞɟɥɹɟɬɫɹ 
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ɩɟɪɦɚɧɟɧɬɨɦ ɦɚɬɪɢɰɵ ɫɦɟɠɧɨɫɬɟɣ ɞɜɭɞɨɥɶɧɨɝɨ ɝɪɚɮɚ nnperA  . 

Ɇɚɤɫɢɦɚɥɶɧɚɹ ɦɨɳɧɨɫɬɶ ɆȾɊ ɞɨɫɬɢɝɚɟɬɫɹ ɧɚ ɩɨɥɧɨɦ ɝɪɚɮɟ G  ɩɪɢ 
( )2

2
nmE ==  ɢ ɨɩɪɟɞɟɥɹɟɬɫɹ ɮɨɪɦɭɥɨɣ ( ) !2

n [6]. 

ɋɮɨɪɦɢɪɭɟɦ ɪɚɡɛɢɟɧɢɟ ɆȾɊ }{ 23,2


xX = , ),( 22

 EVx =  ɧɚ 

ɩɨɞɦɧɨɠɟɫɬɜɚ 3,2
iX , 

2
,1
n

i =  ɩɨ ɩɪɢɡɧɚɤɭ «ɧɚɢɦɟɧɶɲɢɣ ɧɨɦɟɪ )(et  ɪɟɛɪɚ 

2Ee », 

)1(,1

3,23,2
+−=

=
nmi

iXX ,  =3,23,2
ji XX , ji  , 1

2
1 +− nmi , 

1
2

1 +− nmj . ɇɚ ɷɥɟɦɟɧɬɚɯ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,2
iX  ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ )( 2


xF  

ɛɭɞɟɬ ɩɪɢɧɢɦɚɬɶ ɪɚɡɥɢɱɧɵɟ ɡɧɚɱɟɧɢɹ ɩɨ ɤɪɢɬɟɪɢɸ )( 22


xF . ɍɩɨɪɹɞɨɱɢɦ 

ɪɟɛɪɚ ɤɚɠɞɨɝɨ ɫɨɜɟɪɲɟɧɧɨɝɨ ɩɚɪɨɫɨɱɟɬɚɧɢɹ ɦɧɨɠɟɫɬɜɚ }{ 22


xX =  ɧɚ 

ɩɨɡɢɰɢɹɯ ɨɬ 1 ɞɨ 
2

n . Ⱦɜɚ ɫɨɜɟɪɲɟɧɧɵɯ ɩɚɪɨɫɨɱɟɬɚɧɢɹ ),( 22


EVx =  ɢ 

),( 22


EVx =  ɦɨɝɭɬ ɨɬɥɢɱɚɸɬɫɹ ɦɢɧɢɦɭɦ ɞɜɭɦɹ ɩɚɪɚɦɢ ɪɟɛɟɪ, ɫɬɨɹɳɢɦɢ ɧɚ 

ɞɜɭɯ ɩɪɟɞɩɨɫɥɟɞɧɢɯ ɩɨɡɢɰɢɹɯ 1
2
−n  ɢ 

2
n . ɋɨɝɥɚɫɧɨ ɜɡɜɟɲɢɜɚɧɢɸ (4), ɛɭɞɟɬ 

ɜɵɩɨɥɧɹɬɶɫɹ ɨɞɧɨ ɢɡ ɧɟɪɚɜɟɧɫɬɜ )( 22


xF )( 22


xF  ɢɥɢ )( 22


xF )( 22


xF . ɉɨ 

ɩɪɚɜɢɥɚɦ ɩɨɫɬɪɨɟɧɢɹ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,2
iX  ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ )( 2


xF  ɛɭɞɟɬ 

ɩɪɢɧɢɦɚɬɶ ɫɨɜɩɚɞɚɸɳɢɟ ɡɧɚɱɟɧɢɹ ɩɨ ɤɪɢɬɟɪɢɸ )( 23


xF , ɬ.ɟ. ɜɵɩɨɥɧɹɟɬɫɹ 

ɫɨɨɬɧɨɲɟɧɢɟ )()()()( max223max223

  exFexF === . Ɋɟɲɟɧɢɟɦ, ɤɨɬɨɪɨɟ 
ɦɨɠɟɬ ɜɨɣɬɢ ɜ ɉɆ, ɹɜɥɹɟɬɫɹ ɬɨɥɶɤɨ ɨɞɧɨ ɢɡ ɞɜɭɯ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, 
ɫɩɪɚɜɟɞɥɢɜɨ ɧɟɪɚɜɟɧɫɬɜɨ 3,23,2

~
XX  . Ⱦɥɹ ɤɚɠɞɨɝɨ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,2

iX  

ɨɩɪɟɞɟɥɢɦ ɟɞɢɧɫɬɜɟɧɧɨɟ ɪɟɲɟɧɢɟ i
x2 . ɂɡ ɦɧɨɠɟɫɬɜɚ ɪɟɲɟɧɢɣ }{ 2

i
x ,

2
,1
n

i =  

ɜɵɞɟɥɢɦ ɉɆ. ȼɵɩɨɥɧɹɟɬɫɹ ɧɟɪɚɜɟɧɫɬɜɨ
2

~
3,2

nX  . Ɋɚɜɟɧɫɬɜɨ ɦɨɳɧɨɫɬɟɣ ɉɆ 

ɢ ɉɆȺ 0
3,23,2

~
XX =  ɫɩɪɚɜɟɞɥɢɜɨ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɦɨɠɧɨ ɭɬɜɟɪɠɞɚɬɶ, ɱɬɨ ɞɥɹ 

ɡɚɞɚɱɢ 3,2Z  ɜ ɩɨɫɬɚɧɨɜɤɟ (1)-(3) ɩɪɢ 31 =  ɜɵɩɨɥɧɹɟɬɫɹ ɫɨɨɬɧɨɲɟɧɢɟ 
ɤɜɚɡɢɩɨɥɧɨɬɵ 3,23,2

0
3,2

~
XXX = . 

ɋɩɪɚɜɟɞɥɢɜɚ ɫɥɟɞɭɸɳɚɹ  
Ɍɟɨɪɟɦɚ 2. Ɂɚɞɚɱɚ 3,2Z  «ɨ ɫɨɜɟɪɲɟɧɧɨɦ ɩɚɪɨɫɨɱɟɬɚɧɢɢ ɜ ɞɜɭɞɨɥɶɧɨɦ 

ɝɪɚɮɟ ɢ ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ» ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ ),,( EVG = 21 VVV = , 

mE = , 
221

nVV == ɫ ɜɟɤɬɨɪɧɨɣ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɟɣ (1)-(3) ɩɪɢ 21 =  

ɹɜɥɹɟɬɫɹ ɤɜɚɡɢɩɨɥɧɨɣ, ɬ.ɟ. ɜɵɩɨɥɧɹɟɬɫɹ ɫɨɨɬɧɨɲɟɧɢɟ ɤɜɚɡɢɩɨɥɧɨɬɵ 
3,23,2

0
3,2

~
XXX = . ɉɪɢɱɟɦ ɦɨɳɧɨɫɬɶ ɆȾɊ ɧɟ ɩɪɟɜɵɲɚɟɬ ɤɨɥɢɱɟɫɬɜɚ 
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ɫɨɜɟɪɲɟɧɧɵɯ ɩɚɪɨɫɨɱɟɬɚɧɢɣ ɧɚ ɩɨɥɧɨɦ ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ )!2(3,2
nX  , ɚ 

ɦɨɳɧɨɫɬɢ ɉɆ ɢ ɉɆȺ ɢɦɟɸɬ ɜɟɪɯɧɸɸ ɝɪɚɧɢɰɭ 
2

~
3,2

0
3,2

nXX = . 

Ɉɛɨɛɳɢɦ ɩɨɥɭɱɟɧɧɵɟ ɪɟɡɭɥɶɬɚɬɵ. 
Ɍɟɨɪɟɦɚ 3. Ⱦɜɭɤɪɢɬɟɪɢɚɥɶɧɚɹ ɡɚɞɚɱɚ 3,1

Z  ɫ ɜɟɤɬɨɪɧɨɣ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɟɣ 
(1)-(3), ɞɨɩɭɫɬɢɦɨɟ ɪɟɲɟɧɢɟ ɤɨɬɨɪɨɣ ɩɨ ɤɪɢɬɟɪɢɸ 1  ɢɦɟɟɬ ɩɨɫɬɨɹɧɧɨɟ ɱɢɫɥɨ 
ɪɟɛɟɪ, ɹɜɥɹɟɬɫɹ ɤɜɚɡɢɩɨɥɧɨɣ, ɬ.ɟ. ɫɩɪɚɜɟɞɥɢɜɨ ɫɨɨɬɧɨɲɟɧɢɟ 

3,3,3,
0

111

~
 XXX = . Ɇɨɳɧɨɫɬɶ ɆȾɊ 3,1

X  ɨɩɪɟɞɟɥɹɟɬɫɹ ɦɨɳɧɨɫɬɶɸ ɆȾɊ 

ɡɚɞɚɱɢ 
1

Z . ɉɆ ɫɨɜɩɚɞɚɟɬ ɫ ɉɆȺ. Ɇɨɳɧɨɫɬɶ ɉɆ ɢ ɉɆȺ ɨɩɪɟɞɟɥɹɟɬɫɹ 
ɤɨɥɢɱɟɫɬɜɨɦ ɤɥɚɫɫɨɜ ɪɚɡɛɢɟɧɢɹ ɆȾɊ ɩɨ ɩɪɢɡɧɚɤɭ «ɧɚɢɛɨɥɶɲɢɣ ɜɬɨɪɨɣ ɜɟɫ 
ɪɟɛɪɚ». ȼɟɪɯɧɟɣ ɝɪɚɧɢɰɟɣ ɦɨɳɧɨɫɬɟɣ ɉɆ ɢ ɉɆȺ ɹɜɥɹɟɬɫɹ ɤɨɥɢɱɟɫɬɜɨ ɪɟɛɟɪ 
ɝɪɚɮɚ G . 

Ɋɚɫɫɦɨɬɪɢɦ ɚɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 3,1Z , ɤɨɬɨɪɵɣ ɢɦɟɸɬ 
ɩɨɥɢɧɨɦɢɥɶɧɭɸ ɫɥɨɠɧɨɫɬɶ. ɇɚ ɩɟɪɜɨɦ ɷɬɚɩɟ ɪɟɛɪɚ ɭɩɨɪɹɞɨɱɢɜɚɸɬɫɹ ɩɨ 
ɡɧɚɱɟɧɢɸ ɜɬɨɪɨɝɨ ɜɟɫɚ )(2 e , Ee , mE =  ɡɚ ))log(( mmO  ɨɩɟɪɚɰɢɣ. Ⱦɚɥɟɟ 
ɩɨɜɬɨɪɹɟɦ mE =  ɪɚɡ ɩɪɨɰɟɞɭɪɭ ɩɨɫɬɪɨɟɧɢɹ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɨɫɬɨɜɧɨɝɨ 
ɞɟɪɟɜɚ ɚɥɝɨɪɢɬɦɨɦ Ʉɪɚɫɤɚɥɚ ( ))log(( mmO ) ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɩɟɪɜɵɯ ɜɟɫɨɜ 
ɪɟɛɟɪ )(1 e  ɩɪɢ ɭɫɥɨɜɢɢ ɨɛɹɡɚɬɟɥɶɧɨɝɨ ɧɚɥɢɱɢɹ ɪɟɛɪɚ, ɨɱɟɪɟɞɧɨɝɨ ɜ ɦɚɫɫɢɜɟ, 
ɭɩɨɪɹɞɨɱɟɧɧɨɦ ɧɚ ɩɟɪɜɨɦ ɷɬɚɩɟ [3]. ɂɡ ɩɨɥɭɱɟɧɧɵɯ ɪɟɲɟɧɢɣ ɮɨɪɦɢɪɭɟɦ ɉɆ 

3,1

~
X  ɡɚ )(mO ɨɩɟɪɚɰɢɣ. Ⱥɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 3,1Z  ɢɦɟɟɬ 
ɜɵɱɢɫɥɢɬɟɥɶɧɭɸ ɫɥɨɠɧɨɫɬɶ )()()1))(log(( 4mOmOmmmO ++ .  

Ⱥɧɚɥɨɝɢɱɧɨ ɞɥɹ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 3,2Z : E  ɪɚɡ ɩɨɜɬɨɪɹɟɬɫɹ ɩɪɨɰɟɞɭɪɚ 

ɩɨɫɬɪɨɟɧɢɹ ɫɨɜɟɪɲɟɧɧɵɯ ɩɚɪɨɫɨɱɟɬɚɧɢɣ ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ ɚɥɝɨɪɢɬɦɨɦ ɫ 
ɜɵɱɢɫɥɢɬɟɥɶɧɨɣ ɫɥɨɠɧɨɫɬɶɸ )( 3nO [3]. Ⱥɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 3,2Z  ɢɦɟɟɬ 
ɜɵɱɢɫɥɢɬɟɥɶɧɭɸ ɫɥɨɠɧɨɫɬɶ )()())log(( 53 nOnOEnnO + . 

ȼɵɜɨɞɵ. ȼ ɫɬɚɬɶɟ ɫɮɨɪɦɭɥɢɪɨɜɚɧɚ ɬɟɨɪɟɦɚ ɨ ɤɜɚɡɢɩɨɥɧɨɬɟ 
ɞɜɭɯɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ, ɢɦɟɸɳɢɯ ɩɨɫɬɨɹɧɧɨɟ ɱɢɫɥɨ ɪɟɛɟɪ ɞɨɩɭɫɬɢɦɨɝɨ 
ɪɟɲɟɧɢɹ ɩɨ ɩɟɪɜɨɦɭ ɤɪɢɬɟɪɢɸ, ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ ɤɨɬɨɪɵɯ ɫɨɞɟɪɠɢɬ ɤɪɢɬɟɪɢɣ 
ɜɟɫɚ ɢ ɤɪɢɬɟɪɢɣ ɦɢɧɢɦɚɤɫɧɨɝɨ ɪɟɛɪɚ. ɋɮɨɪɦɢɪɨɜɚɧɚ ɦɟɬɨɞɢɤɚ ɢɡɭɱɟɧɢɹ 
ɫɜɨɣɫɬɜ ɢ ɨɰɟɧɤɢ ɦɨɳɧɨɫɬɟɣ ɞɨɩɭɫɬɢɦɨɝɨ ɦɧɨɠɟɫɬɜɚ ɪɟɲɟɧɢɣ, ɩɚɪɟɬɨɜɫɤɨɝɨ 
ɦɧɨɠɟɫɬɜɚ ɢ ɩɨɥɧɨɝɨ ɦɧɨɠɟɫɬɜɚ ɚɥɶɬɟɪɧɚɬɢɜ ɞɥɹ ɡɚɞɚɱ ɜɵɞɟɥɟɧɧɨɝɨ ɤɥɚɫɫɚ. 
ɉɨɥɭɱɟɧɵ ɨɰɟɧɤɢ ɞɥɹ ɞɜɭɯ ɩɪɟɞɫɬɚɜɢɬɟɥɟɣ ɷɬɨɝɨ ɤɥɚɫɫɚ: «ɨɛ ɨɫɬɨɜɧɨɦ 
ɞɟɪɟɜɟ ɢ ɦɢɧɢɦɚɤɫɧɨɝɨ ɪɟɛɪɟ», «ɨ ɫɨɜɟɪɲɟɧɧɨɦ ɩɚɪɨɫɨɱɟɬɚɧɢɢ ɧɚ 
ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ ɢ ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ». ɉɪɟɞɥɨɠɟɧɵ ɩɨɥɢɧɨɦɢɚɥɶɧɵɟ 
ɚɥɝɨɪɢɬɦɵ ɪɟɲɟɧɢɹ ɷɬɢɯ ɡɚɞɚɱ ɫ ɨɰɟɧɤɨɣ ɜɵɱɢɫɥɢɬɟɥɶɧɨɣ ɫɥɨɠɧɨɫɬɢ. 
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