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ɂ.ȼ. Ʉɨɡɢɧ,  ɋ.ȿ.Ȼɚɬɨɜɫɤɢɣ  
Ɂɚɩɨɪɨɠɫɤɢɣ ɧɚɰɢɨɧɚɥɶɧɵɣ ɭɧɢɜɟɪɫɢɬɟɬ 

 

ȽȿɇȿɊȺɐɂə ɋɅɍɑȺɃɇɕɏ ɄȺɊɌ ɉɊəɆɈɍȽɈɅɖɇɈȽɈ ɊȺɋɄɊɈə 
 
ɂɫɫɥɟɞɭɟɬɫɹ ɩɪɨɛɥɟɦɚ ɝɟɧɟɪɚɰɢɢ ɛɟɡɨɬɯɨɞɧɵɯ ɤɚɪɬ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ. Ⱦɥɹ 

ɪɚɡɥɢɱɧɵɯ ɜɢɞɨɜ ɤɚɪɬ ɢɫɫɥɟɞɭɸɬɫɹ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɦɨɞɟɥɢ ɢ ɚɥɝɨɪɢɬɦɵ 
ɝɟɧɟɪɚɰɢɢ. ɉɪɟɞɥɨɠɟɧɵ ɝɟɧɟɪɚɬɨɪɵ ɞɥɹ ɛɟɡɨɬɯɨɞɧɵɯ ɤɚɪɬ ɪɚɫɤɪɨɹ ɧɚ 
ɩɪɹɦɨɭɝɨɥɶɧɢɤɢ ɨɝɪɚɧɢɱɟɧɧɵɯ ɪɚɡɦɟɪɨɜ, ɝɟɧɟɪɚɬɨɪɵ ɤɚɪɬ ɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɤɚɪɬɚ ɪɚɫɤɪɨɹ, ɛɟɡɨɬɯɨɞɧɵɣ ɩɪɹɦɨɭɝɨɥɶɧɵɣ ɪɚɫɤɪɨɣ, 
ɚɥɝɨɪɢɬɦɵ ɝɟɧɟɪɚɰɢɢ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ, ɝɢɥɶɨɬɢɧɧɵɣ ɪɚɫɤɪɨɣ. 

 

Ⱦɨɫɥɿɞɠɭєɬɶɫɹ ɩɪɨɛɥɟɦɚ ɝɟɧɟɪɚɰɿʀ ɛɟɡɜɿɞɯɨɞɧɢɯ ɤɚɪɬ ɩɪɹɦɨɤɭɬɧɨɝɨ ɪɨɡɤɪɨɸ. Ⱦɥɹ 
ɪɿɡɧɢɯ ɜɢɞɿɜ ɤɚɪɬ ɞɨɫɥɿɞɠɭɸɬɶɫɹ ɜɿɞɩɨɜɿɞɧɿ ɦɨɞɟɥɿ ɿ ɚɥɝɨɪɢɬɦɢ ɝɟɧɟɪɚɰɿʀ. 
Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɝɟɧɟɪɚɬɨɪɢ ɞɥɹ ɛɟɡɜɿɞɯɨɞɧɢɯ ɤɚɪɬ ɪɨɡɤɪɨɸ ɧɚ ɩɪɹɦɨɤɭɬɧɢɤɢ 
ɨɛɦɟɠɟɧɢɯ ɪɨɡɦɿɪɿɜ, ɝɟɧɟɪɚɬɨɪɢ ɤɚɪɬ ɝɿɥɶɣɨɬɢɧɧɨɝɨ ɪɨɡɤɪɨɸ. ȼɿɞɨɦɨ, ɳɨ ɜɟɥɢɤɚ 
ɤɿɥɶɤɿɫɬɶ ɩɪɢɤɥɚɞɧɢɯ ɨɩɬɢɦɿɡɚɰɿɣɧɢɯ ɡɚɞɚɱ ɧɚ ɫɶɨɝɨɞɧɿɲɧɿɣ ɞɟɧɶ ɧɟ ɦɨɠɭɬɶ ɛɭɬɢ 
ɬɨɱɧɨ ɪɨɡɜ’ɹɡɚɧɿ, ɨɫɤɿɥɶɤɢ ʀɯ ɨɛɱɢɫɥɸɜɚɥɶɧɚ ɫɤɥɚɞɧɿɫɬɶ ɜɿɞɧɨɫɢɬɶɫɹ ɞɨ ɤɥɚɫɭ NP-

ɜɚɠɤɢɯ. ɍ ɛɚɝɚɬɶɨɯ ɜɢɩɚɞɤɚɯ ɞɥɹ ɩɨɲɭɤɭ ɧɚɛɥɢɠɟɧɢɯ ɪɿɲɟɧɶ ɜɢɤɨɪɢɫɬɨɜɭɸɬɶɫɹ 
ɦɟɬɚɟɜɪɢɫɬɢɤɢ ɪɿɡɧɢɯ ɬɢɩɿɜ, ɚɥɟ ɩɪɢ ɜɢɛɨɪɿ ɬɿєʀ ɱɢ ɿɧɲɨʀ ɦɟɬɚɟɜɪɢɫɬɢɤɢ ɡɚɥɢɲɚєɬɶɫɹ 
ɜɿɞɤɪɢɬɢɦ ɩɢɬɚɧɧɹ ɩɪɨ ɹɤɿɫɬɶ ɨɛɪɚɧɨɝɨ ɦɟɬɨɞɭ. ɉɪɨɩɨɧɭєɬɶɫɹ ɤɿɥɶɤɚ ɦɨɠɥɢɜɢɯ 
ɜɚɪɿɚɧɬɿɜ ɪɨɡɜ'ɹɡɚɧɧɹ ɩɪɨɛɥɟɦɢ, ɨɞɧɢɦ ɡ ɹɤɢɯ є ɩɟɪɟɜɿɪɤɚ ɦɟɬɚɟɜɪɢɫɬɢɱɧɢɯ 
ɚɥɝɨɪɢɬɦɿɜ ɧɚ ɩɪɢɤɥɚɞɚɯ ɡ ɜɿɞɨɦɢɯ ɬɟɫɬɨɜɢɯ ɛɿɛɥɿɨɬɟɤ ɡ ɜɿɞɨɦɢɦɢ ɪɟɤɨɪɞɚɦɢ. ȱɧɲɢɦ 
ɩɿɞɯɨɞɨɦ ɞɨ ɜɢɪɿɲɟɧɧɹ ɩɪɨɛɥɟɦɢ ɨɰɿɧɤɢ ɹɤɨɫɬɿ ɚɥɝɨɪɢɬɦɿɜ, ɳɨ ɪɨɡɝɥɹɞɚєɬɶɫɹ, є 
ɩɨɪɿɜɧɹɧɧɹ «ɧɨɜɨɝɨ» ɚɥɝɨɪɢɬɦɭ ɡ ɿɧɲɢɦɢ ɚɥɝɨɪɢɬɦɚɦɢ, ɪɨɛɨɬɚ ɹɤɢɯ ɜɠɟ ɞɟɬɚɥɶɧɨ 
ɜɢɜɱɟɧɚ. ɉɨɛɭɞɨɜɚ ɝɟɧɟɪɚɬɨɪɚ ɜɢɩɚɞɤɨɜɢɯ ɡɚɜɞɚɧɶ ɡ ɜɿɞɨɦɢɦ ɨɩɬɢɦɚɥɶɧɢɦ 
ɪɿɲɟɧɧɹɦ, ɦɨɠɟ ɜɢɪɿɲɢɬɢ ɩɪɨɛɥɟɦɭ ɨɬɪɢɦɚɧɧɹ «ɫɟɪɟɞɧɿɯ» ɨɰɿɧɨɤ ɬɨɱɧɨɫɬɿ 
ɜɢɤɨɪɢɫɬɨɜɭɜɚɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɜ ɩɨɪɿɜɧɹɧɧɿ ɡ ɿɧɲɢɦɢ ɦɟɬɨɞɚɦɢ. ɍ ɪɨɛɨɬɿ 
ɪɨɡɝɥɹɞɚєɬɶɫɹ ɩɨɛɭɞɨɜɚ ɝɟɧɟɪɚɬɨɪɿɜ ɜɢɩɚɞɤɨɜɢɯ ɩɨɜɧɢɯ ɤɚɪɬ ɩɪɹɦɨɤɭɬɧɨɝɨ ɪɨɡɤɪɨɸ 
ɡ ɭɪɚɯɭɜɚɧɧɹɦ ɩɟɜɧɢɯ ɨɛɦɟɠɟɧɶ ɧɚ ɪɨɡɦɿɪɢ ɫɤɥɚɞɨɜɢɯ ʀɯ ɟɥɟɦɟɧɬɚɪɧɢɯ 
ɩɪɹɦɨɤɭɬɧɢɤɿɜ. ȱɫɧɭɜɚɧɧɹ ɧɚɛɨɪɿɜ ɬɚɤɢɯ ɤɚɪɬ ɮɨɪɦɭє ɛɚɡɭ ɬɟɫɬɨɜɢɯ ɡɚɜɞɚɧɶ ɞɥɹ 
ɩɟɪɟɜɿɪɤɢ ɹɤɨɫɬɿ ɧɚɛɥɢɠɟɧɢɯ ɚɥɝɨɪɢɬɦɿɜ ɩɨɲɭɤɭ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɤɪɨɸ. 
ɉɪɹɦɨɤɭɬɧɢɣ ɪɨɡɤɪɿɣ, ɹɤɢɣ ɪɨɡɝɥɹɞɚєɬɶɫɹ ɜ ɪɨɛɨɬɿ, ɬɚɤɨɠ є ɨɫɧɨɜɨɸ ɞɥɹ ɩɨɛɭɞɨɜɢ 
ɪɨɡɤɪɨʀɜ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɛɿɥɶɲ ɫɤɥɚɞɧɢɯ ɮɿɝɭɪ. ȼ ɹɤɨɫɬɿ ɧɚɣɩɪɨɫɬɿɲɨɝɨ ɦɟɬɨɞɭ 
ɝɟɧɟɪɚɰɿʀ ɜɢɩɚɞɤɨɜɢɯ ɩɪɹɦɨɤɭɬɧɢɯ ɤɚɪɬ ɪɨɡɤɪɨɸ ɧɚɜɨɞɢɬɶɫɹ ɦɟɬɨɞ, ɹɤɢɣ 
ɜɢɤɨɪɢɫɬɨɜɭє ɝɿɥɶɣɨɬɢɧɧɢɣ ɪɨɡɤɪɿɣ. Ɍɚɤɨɠ, ɧɚɜɨɞɢɬɶɫɹ ɛɿɥɶɲ ɫɤɥɚɞɧɢɣ ɚɥɝɨɪɢɬɦ 
ɝɟɧɟɪɚɰɿʀ ɜɢɩɚɞɤɨɜɨɝɨ ɩɪɹɦɨɤɭɬɧɨɝɨ ɪɨɡɤɪɨɸ, ɪɨɛɨɬɚ ɹɤɨɝɨ ɩɨɥɹɝɚє ɜ ɝɟɧɟɪɚɰɿʀ 
ɜɢɩɚɞɤɨɜɨʀ ɬɨɱɤɨɜɨʀ ɫɿɬɤɢ ɿ ɜɢɞɚɥɟɧɧɹ ɞɟɹɤɢɯ ɜɢɩɚɞɤɨɜɢɯ ɬɨɱɨɤ ɡ ɰɿєʀ ɫɿɬɤɢ. ȼɟɥɢɤɚ 
ɭɜɚɝɚ ɩɪɢɞɿɥɹєɬɶɫɹ ɫɚɦɟ ɪɟɚɥɿɡɚɰɿɹɦ ɧɚɜɟɞɟɧɢɯ ɦɟɬɨɞɿɜ, ɨɫɤɿɥɶɤɢ ɨɫɧɨɜɧɨɸ ɦɟɬɨɸ 
ɫɬɚɬɬɿ є ɡɚɫɬɨɫɭɜɚɧɧɹ ɝɟɧɟɪɚɬɨɪɿɜ ɧɚ ɩɪɚɤɬɢɰɿ. ȼɫɿ ɧɚɜɟɞɟɧɿ ɚɥɝɨɪɢɬɦɢ ɜɠɟ 
ɜɢɤɨɪɢɫɬɨɜɭɸɬɶɫɹ ɜ ɩɪɨɝɪɚɦɧɿɣ ɫɢɫɬɟɦɿ ɬɟɫɬɭɜɚɧɧɹ ɟɜɨɥɸɰɿɣɧɨ-ɮɪɚɝɦɟɧɬɚɪɧɢɯ 
ɚɥɝɨɪɢɬɦɿɜ ɞɥɹ ɪɿɡɧɢɯ ɤɥɚɫɿɜ ɨɩɬɢɦɿɡɚɰɿɣɧɢɯ ɡɚɞɚɱ ɧɚ ɝɪɚɮɚɯ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɤɚɪɬɚ ɪɨɡɤɪɨɸ, ɛɟɡɜɿɞɯɨɞɧɢɣ ɩɪɹɦɨɤɭɬɧɢɣ ɪɨɡɤɪɿɣ, ɚɥɝɨɪɢɬɦɢ 
ɝɟɧɟɪɚɰɿʀ ɩɪɹɦɨɤɭɬɧɨɝɨ ɪɨɡɤɪɨɸ, ɝɿɥɶɣɨɬɢɧɧɢɣ ɪɨɡɤɪɿɣ. 
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It is known that a large number of applied optimization problems can’t be exactly solved 

nowadays, because their computational complexity is related to the NP-hard class. In many 

cases metaheuristics of various types are used to search for approximate solutions, but the 

choice of the concrete metaheuristic has open question of the quality of the chosen method. 

There are several possible solutions to this problem, one of which is the verification of  

metaheuristic algorithms using examples from known test libraries with known records. 

Another approach to solving the problem of evaluating the quality of algorithms is to com-

pare the "new" algorithm with other algorithms, the work of which has already been inves-

tigated. The construction a generator of random problems with a known optimal solution 

can solve the problem of obtaining "average" estimates of the accuracy for used algorithm 

in comparison with other methods. 

The article considers the construction of generators of random non-waste maps of rec-

tangular cutting with restrictions on the rectangles of limited sizes. The existence of sets of 

such cards forms the basis of test problems for checking the quality of approximate algo-

rithms for searching for optimal solution. Rectangular cutting, which is considered in the 

article, is also the basis for building cuts using more complex shapes. As the simplest meth-

od of generating random rectangular non-waste maps, considered a method that uses guil-

lotine cutting. Also, a more complex algorithm for generating a random rectangular cut is 

given, whose job is to generate a random dot grid and remove some random points from 

this grid. Much attention is paid to the implementation of the above methods, since the 

main purpose of the article is to simplify using of generators in practice. 

All the above algorithms are already used in the software system for testing evolution-

ary-fragmentary algorithms for various classes of optimization problems on the graphs. 

Keywords: cutting map, wasteless rectangular cutting, rectangular cutting generation 

algorithms, guillotine cutting. 

 

ȼɜɟɞɟɧɢɟ. Ȼɨɥɶɲɨɟ ɤɨɥɢɱɟɫɬɜɨ ɩɪɢɤɥɚɞɧɵɯ ɨɩɬɢɦɢɡɚɰɢɨɧɧɵɯ ɡɚɞɚɱ ɧɚ 
ɫɟɝɨɞɧɹɲɧɢɣ ɞɟɧɶ ɧɟ ɦɨɝɭɬ ɛɵɬɶ ɬɨɱɧɨ ɪɟɲɟɧɵ, ɩɨɫɤɨɥɶɤɭ ɢɯ 
ɜɵɱɢɫɥɢɬɟɥɶɧɚɹ ɫɥɨɠɧɨɫɬɶ ɨɬɧɨɫɢɬɫɹ ɤ ɤɥɚɫɫɭ NP-ɬɪɭɞɧɵɯ [1].  

Ɉɞɧɚɤɨ ɩɨɬɪɟɛɧɨɫɬɶ ɜ ɪɟɲɟɧɢɢ ɬɚɤɢɯ ɡɚɞɚɱ ɜɨɡɪɚɫɬɚɟɬ ɢ, ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, 
ɭɜɟɥɢɱɢɜɚɟɬɫɹ ɩɨɬɨɤ ɪɚɛɨɬ, ɩɨɫɜɹɳɟɧɧɵɯ ɩɨɢɫɤɚɦ ɩɪɢɛɥɢɠɟɧɧɵɯ ɪɟɲɟɧɢɣ 
ɬɪɭɞɧɵɯ ɡɚɞɚɱ. ȼɨ ɦɧɨɝɢɯ ɫɥɭɱɚɹɯ ɞɥɹ ɩɨɢɫɤɚ ɩɪɢɛɥɢɠɟɧɧɵɯ ɪɟɲɟɧɢɣ 
ɢɫɩɨɥɶɡɭɸɬɫɹ ɦɟɬɚɷɜɪɢɫɬɢɤɢ ɪɚɡɥɢɱɧɵɯ ɬɢɩɨɜ. ɉɪɢ ɢɫɩɨɥɶɡɨɜɚɧɢɢ 
ɦɟɬɚɷɜɪɢɫɬɢɤ ɨɬɤɪɵɬɵɦ ɨɫɬɚɟɬɫɹ ɜɨɩɪɨɫ ɨ ɤɚɱɟɫɬɜɟ ɩɪɟɞɥɚɝɚɟɦɨɝɨ ɦɟɬɨɞɚ. 
ɉɨɫɤɨɥɶɤɭ ɷɜɪɢɫɬɢɱɟɫɤɢɟ ɚɥɝɨɪɢɬɦɵ ɧɟ ɢɦɟɸɬ ɚɩɪɢɨɪɧɵɯ ɨɰɟɧɨɤ 
ɫɯɨɞɢɦɨɫɬɢ, ɬɨ ɧɟɢɡɜɟɫɬɧɨ ɧɚɫɤɨɥɶɤɨ ɩɨɥɭɱɟɧɧɨɟ ɩɪɢɛɥɢɠёɧɧɨɟ ɪɟɲɟɧɢɟ 
ɛɥɢɡɤɨ ɤ ɨɩɬɢɦɚɥɶɧɨɦɭ. Ʉɚɤ ɫɥɟɞɫɬɜɢɟ, ɨɱɟɧɶ ɬɪɭɞɧɨ ɨɰɟɧɢɬɶ 
ɰɟɥɟɫɨɨɛɪɚɡɧɨɫɬɶ ɩɪɢɦɟɧɟɧɢɹ ɚɥɝɨɪɢɬɦɚ ɜ ɪɚɡɥɢɱɧɵɯ ɨɩɬɢɦɢɡɚɰɢɨɧɧɵɯ 
ɡɚɞɚɱɚɯ. 

Ɉɞɧɢɦ ɢɡ ɜɨɡɦɨɠɧɵɯ ɪɟɲɟɧɢɣ ɞɚɧɧɨɣ ɩɪɨɛɥɟɦɵ ɦɨɠɟɬ ɫɥɭɠɢɬɶ ɩɪɨɜɟɪɤɚ 
ɦɟɬɚɷɜɪɢɫɬɢɱɟɫɤɢɯ ɚɥɝɨɪɢɬɦɨɜ ɧɚ ɩɪɢɦɟɪɚɯ ɢɡ ɢɡɜɟɫɬɧɵɯ ɬɟɫɬɨɜɵɯ 
ɛɢɛɥɢɨɬɟɤ ɫ ɢɡɜɟɫɬɧɵɦɢ ɪɟɤɨɪɞɚɦɢ, ɢ ɩɨɩɵɬɤɚ ɭɥɭɱɲɢɬɶ ɷɬɢ ɪɟɤɨɪɞɵ 
(ORLIB [2]). 

Ⱦɪɭɝɢɦ ɩɨɞɯɨɞɨɦ ɤ ɪɟɲɟɧɢɸ ɩɪɨɛɥɟɦɵ ɨɰɟɧɤɢ ɤɚɱɟɫɬɜɚ ɚɥɝɨɪɢɬɦɨɜ 
ɹɜɥɹɟɬɫɹ ɫɪɚɜɧɟɧɢɟ «ɧɨɜɨɝɨ» ɚɥɝɨɪɢɬɦɚ ɫ ɞɪɭɝɢɦɢ ɚɥɝɨɪɢɬɦɚɦɢ, ɪɚɛɨɬɚ 
ɤɨɬɨɪɵɯ ɭɠɟ ɞɟɬɚɥɶɧɨ ɢɡɭɱɟɧɚ. Ɍɚɤɨɟ ɫɪɚɜɧɟɧɢɟ ɞɨɥɠɧɨ ɩɪɨɯɨɞɢɬɶ ɧɚ 
ɛɨɥɶɲɨɣ ɛɚɡɟ ɬɟɫɬɨɜɵɯ ɡɚɞɚɱ ɫɨ ɫɥɭɱɚɣɧɵɦ ɧɚɛɨɪɨɦ ɧɚɱɚɥɶɧɵɯ ɞɚɧɧɵɯ. ɗɬɨ 
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ɩɨɡɜɨɥɢɬ ɜɵɱɢɫɥɢɬɶ «ɫɪɟɞɧɢɟ» ɫɪɚɜɧɢɬɟɥɶɧɵɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ 
ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɬɟɫɬɢɪɭɟɦɨɝɨ ɚɥɝɨɪɢɬɦɚ. ȿɫɥɢ ɭɞɚɟɬɫɹ ɩɨɫɬɪɨɢɬɶ ɝɟɧɟɪɚɬɨɪ 
ɫɥɭɱɚɣɧɵɯ ɡɚɞɚɱ ɫ ɢɡɜɟɫɬɧɵɦ ɨɩɬɢɦɚɥɶɧɵɦ ɪɟɲɟɧɢɟɦ, ɬɨ ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ 
«ɫɪɟɞɧɢɟ» ɨɰɟɧɤɢ ɬɨɱɧɨɫɬɢ ɢɫɩɨɥɶɡɭɟɦɨɝɨ ɚɥɝɨɪɢɬɦɚ ɜ ɫɪɚɜɧɟɧɢɢ ɫ ɞɪɭɝɢɦɢ 
ɦɟɬɨɞɚɦɢ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɡɚɞɚɱɚ ɝɟɧɟɪɚɰɢɢ ɬɟɫɬɨɜɵɯ ɢɧɞɢɜɢɞɭɚɥɶɧɵɯ ɡɚɞɚɱ 
ɞɥɹ ɦɚɫɫɨɜɵɯ NP-ɬɪɭɞɧɵɯ ɡɚɞɚɱ ɛɟɡɭɫɥɨɜɧɨ ɹɜɥɹɟɬɫɹ ɚɤɬɭɚɥɶɧɨɣ. 

Ɉɛɡɨɪ ɢɦɟɸɳɢɯɫɹ ɪɟɡɭɥɶɬɚɬɨɜ. Ɂɚɞɚɱɚ ɪɚɫɤɪɨɹ ɜɩɟɪɜɵɟ ɫɮɨɪɦɭɥɢɪɨɜɚɧɚ 
Ʉɚɧɬɨɪɨɜɢɱɟɦ ɜ 1939 ɝɨɞɭ [3]. ȼ 1951 ɝɨɞɭ, ɟɳё ɞɨ ɬɨɝɨ, ɤɚɤ ɤɨɦɩɶɸɬɟɪɵ 
ɫɬɚɥɢ ɲɢɪɨɤɨ ɞɨɫɬɭɩɧɵ, Ʌ.ȼ. Ʉɚɧɬɨɪɨɜɢɱ ɢ ȼ.Ⱥ. Ɂɚɥɝɚɥɥɟɪ ɩɪɟɞɥɨɠɢɥɢ [4] 
ɫɩɨɫɨɛ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɷɤɨɧɨɦɧɨɝɨ ɢɫɩɨɥɶɡɨɜɚɧɢɹ ɦɚɬɟɪɢɚɥɚ ɩɪɢ ɪɚɫɤɪɨɟ ɫ 
ɩɨɦɨɳɶɸ ɥɢɧɟɣɧɨɝɨ ɩɪɨɝɪɚɦɦɢɪɨɜɚɧɢɹ. 

Ȼɨɥɶɲɢɧɫɬɜɨ ɫɭɳɟɫɬɜɭɸɳɢɯ ɬɨɱɧɵɯ ɦɟɬɨɞɨɜ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 
ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɧɟɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ ɫɜɨɞɹɬɫɹ ɤ ɩɟɪɟɛɨɪɭ ɜɫɟɝɨ 
ɦɧɨɠɟɫɬɜɚ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ. Ɇɟɬɨɞɵ ɭɥɭɱɲɟɧɧɨɝɨ ɩɟɪɟɛɨɪɚ 
ɨɛɴɟɞɢɧɟɧɵ ɞɥɹ ɷɬɢɯ ɡɚɞɚɱ ɩɨɞ ɧɚɡɜɚɧɢɟɦ «ɦɟɬɨɞɚ ɜɟɬɜɟɣ ɢ ɝɪɚɧɢɰ». ȼ 
1977 ɝ. ɂ.ȼ. Ɋɨɦɚɧɨɜɫɤɢɦ ɩɪɟɞɫɬɚɜɥɟɧɚ ɨɛɳɚɹ ɢɞɟɹ ɩɟɪɟɛɨɪɧɨɝɨ ɦɟɬɨɞɚ ɞɥɹ 
ɪɟɲɟɧɢɹ ɨɛɳɟɣ ɷɤɫɩɨɧɟɧɰɢɚɥɶɧɨɣ ɡɚɞɚɱɢ, ɢ ɩɪɟɞɥɨɠɟɧɚ ɟɝɨ ɤɨɧɤɪɟɬɢɡɚɰɢɹ ɜ 
ɜɢɞɟ ɦɟɬɨɞɚ «ɜɟɬɜɟɣ ɢ ɝɪɚɧɢɰ» ɞɥɹ ɪɟɲɟɧɢɹ ɡɚɞɚɱ ɭɩɚɤɨɜɤɢ [5]. ȼ 
ɞɚɥɶɧɟɣɲɟɦ ɦɟɬɨɞ ɩɨɥɭɱɚɟɬ ɪɚɡɜɢɬɢɟ ɡɚ ɫɱɟɬ ɜɜɟɞɟɧɢɹ ɩɪɨɰɟɞɭɪ ɫɨɤɪɚɳɟɧɢɹ 
ɩɟɪɟɛɨɪɚ ɜ ɪɚɛɨɬɚɯ ȼ.Ɇ. Ʉɚɪɬɚɤɚ ɢ ɗ.Ⱥ. Ɇɭɯɚɱɟɜɨɣ [6, 7]. ɇɟɡɚɜɢɫɢɦɨ ɡɚ 
ɪɭɛɟɠɨɦ ɜɵɯɨɞɢɬ ɫɟɪɢɹ ɫɬɚɬɟɣ S. Martello ɢ P. Toth, ɩɨɫɜɹɳɟɧɧɚɹ ɪɚɡɪɚɛɨɬɤɟ 
ɭɥɭɱɲɟɧɧɵɯ ɜɟɪɫɢɣ ɦɟɬɨɞɚ ɜɟɬɜɟɣ ɢ ɝɪɚɧɢɰ [8]. 

Ȼɨɥɶɲɢɧɫɬɜɨ ɫɭɳɟɫɬɜɭɸɳɢɯ ɤɨɦɛɢɧɚɬɨɪɧɵɯ ɦɟɬɨɞɨɜ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 
ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɧɟɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ ɢ ɪɚɡɦɟɳɟɧɢɹ ɨɛɴɟɤɬɨɜ ɫɥɨɠɧɵɯ 
ɮɨɪɦ ɫɜɨɞɹɬɫɹ ɤ ɩɟɪɟɛɨɪɭ ɜɫɟɝɨ ɦɧɨɠɟɫɬɜɚ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ. Ɇɟɬɨɞɵ 
ɭɥɭɱɲɟɧɧɨɝɨ ɩɟɪɟɛɨɪɚ ɨɛɴɟɞɢɧɟɧɵ ɢ ɞɥɹ ɷɬɢɯ ɡɚɞɚɱ ɩɨɞ ɧɚɡɜɚɧɢɟɦ «ɦɟɬɨɞɚ 
ɜɟɬɜɟɣ ɢ ɝɪɚɧɢɰ». ȼ 1986 ɝ. ɘ.Ƚ. ɋɬɨɹɧ ɢ ɋ.ȼ. əɤɨɜɥɟɜ ɨɩɢɫɚɥɢ ɨɛɳɭɸ ɫɯɟɦɭ 
ɦɟɬɨɞɚ ɢ ɩɪɢɜɟɥɢ ɨɫɧɨɜɧɵɟ ɚɥɝɨɪɢɬɦɵ [9]. Ⱦɪɭɝɨɣ ɩɨɞɯɨɞ ɤ ɩɟɪɟɛɨɪɧɵɦ 
ɦɟɬɨɞɚɦ ɪɟɲɟɧɢɹ ɪɚɡɪɚɛɨɬɚɧ ɜ ɫɟɪɟɞɢɧɟ 80-ɯ ɝ. Ⱥ.ɂ. Ʌɢɩɨɜɟɰɤɢɦ [10]. ɇɚ 
ɨɫɧɨɜɟ ɩɨɧɹɬɢɹ «ɡɨɧɵ» ɞɨɤɚɡɵɜɚɟɬɫɹ, ɱɬɨ ɞɥɹ ɥɸɛɨɣ ɭɩɚɤɨɜɤɢ 
ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ ɦɨɠɧɨ ɭɤɚɡɚɬɶ ɬɚɤɨɣ ɢɯ ɩɨɪɹɞɨɤ, ɩɪɢ ɤɨɬɨɪɨɦ ɤɚɠɞɵɣ 
ɫɥɟɞɭɸɳɢɣ ɩɪɹɦɨɭɝɨɥɶɧɢɤ ɧɟ ɩɟɪɟɫɟɤɚɟɬɫɹ ɧɢ ɫ ɨɞɧɨɣ ɢɡ ɡɨɧ ɩɪɟɞɵɞɭɳɢɯ 
(ɬɨɩɨɥɨɝɢɱɟɫɤɚɹ ɫɨɪɬɢɪɨɜɤɚ). Ɇɟɬɨɞ ɡɨɧ ɪɟɚɥɢɡɨɜɚɧ ɜ 1988 ɝ., 
ɭɫɨɜɟɪɲɟɧɫɬɜɨɜɚɧ ɢ ɢɫɫɥɟɞɨɜɚɧ ɜ 2001 ɝ. ȼ.ȼ. Ȼɭɯɜɚɥɨɜɨɣ [11]. 

Ɍɟɫɬɨɜɵɟ ɩɪɢɦɟɪɵ ɞɥɹ ɡɚɞɚɱɢ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ ɦɨɠɧɨ ɧɚɣɬɢ ɜ [12]. 
Ɋɹɞ ɝɟɧɟɪɚɬɨɪɨɜ ɬɟɫɬɨɜɵɯ ɩɪɢɦɟɪɨɜ ɩɪɢɜɟɞɟɧɵ ɜ [13]. 

Ɏɨɪɦɭɥɢɪɨɜɤɚ ɰɟɥɟɣ. ɐɟɥɶɸ ɧɚɫɬɨɹɳɟɣ ɪɚɛɨɬɵ ɹɜɥɹɟɬɫɹ ɩɨɫɬɪɨɟɧɢɟ 
ɝɟɧɟɪɚɬɨɪɨɜ ɫɥɭɱɚɣɧɵɯ ɩɨɥɧɵɯ ɤɚɪɬ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ ɫ ɭɱɟɬɨɦ 
ɨɩɪɟɞɟɥɟɧɧɵɯ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɪɚɡɦɟɪɵ ɫɨɫɬɚɜɥɹɸɳɢɯ ɢɯ ɷɥɟɦɟɧɬɚɪɧɵɯ 
ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ. ɇɚɛɨɪɵ ɬɚɤɢɯ ɤɚɪɬ ɦɨɝɭɬ ɜ ɩɨɫɥɟɞɫɬɜɢɢ ɜɵɫɬɭɩɚɬɶ ɜ 
ɤɚɱɟɫɬɜɟ ɛɚɡɵ ɬɟɫɬɨɜɵɯ ɡɚɞɚɱ ɞɥɹ ɩɪɨɜɟɪɤɢ ɤɚɱɟɫɬɜɚ ɩɪɢɛɥɢɠɟɧɧɵɯ 
ɚɥɝɨɪɢɬɦɨɜ ɩɨɢɫɤɚ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɫɤɪɨɹ. ɉɪɹɦɨɭɝɨɥɶɧɵɣ ɪɚɫɤɪɨɣ ɬɚɤɠɟ 
ɹɜɥɹɟɬɫɹ ɨɫɧɨɜɨɣ ɞɥɹ ɩɨɫɬɪɨɟɧɢɹ ɪɚɫɤɪɨɟɜ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɛɨɥɟɟ ɫɥɨɠɧɵɯ 
ɮɢɝɭɪ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ «ɫɥɨɠɧɵɟ» ɮɢɝɭɪɵ ɜɩɢɫɵɜɚɸɬɫɹ ɜ ɧɟɤɨɬɨɪɵɟ 
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ɩɪɹɦɨɭɝɨɥɶɧɢɤɢ, ɢɡ ɤɨɬɨɪɵɯ ɝɟɧɟɪɢɪɭɟɬɫɹ ɧɚɱɚɥɶɧɵɣ ɩɪɹɦɨɭɝɨɥɶɧɵɣ 
ɪɚɫɤɪɨɣ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ. Ɋɚɫɫɦɨɬɪɢɦ ɧɚɛɨɪ 
ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ, ɡɚɞɚɧɧɵɯ ɫɜɨɢɦɢ ɪɚɡɦɟɪɚɦɢ ( , )i ih w , 1, 2, ...,i n= . 

Ⱦɨɩɭɫɬɢɦɵɦ ɪɟɲɟɧɢɟɦ ɫɱɢɬɚɟɬɫɹ ɬɚɤɨɟ ɪɚɡɦɟɳɟɧɢɟ ɜɫɟɯ ɷɬɢɯ 
ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ (ɢɥɢ ɧɟɤɨɬɨɪɵɯ ɢɡ ɧɢɯ) ɧɚ ɩɪɹɦɨɭɝɨɥɶɧɨɦ ɥɢɫɬɟ ɪɚɡɦɟɪɨɦ 
H W  ɩɪɢ ɤɨɬɨɪɨɦ ɜɧɭɬɪɟɧɧɨɫɬɢ ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ ɩɨɩɚɪɧɨ ɧɟ 
ɩɟɪɟɫɟɤɚɸɬɫɹ. Ʉɚɠɞɨɟ ɞɨɩɭɫɬɢɦɨɟ ɪɟɲɟɧɢɟ ɡɚɞɚɟɬɫɹ ɧɚɛɨɪɨɦ ɢɧɞɟɤɫɨɜ 

{1, 2, ..., }I n  ɢ ɧɚɛɨɪɨɦ ɩɚɪ ɤɨɨɪɞɢɧɚɬ {( , )}i i i Ix y  . Ʉɚɠɞɚɹ ɩɚɪɚ ɨɩɪɟɞɟɥɹɟɬ 
ɩɨɥɨɠɟɧɢɟ ɥɟɜɨɝɨ ɜɟɪɯɧɟɝɨ ɭɝɥɚ ɪɚɡɦɟɳɚɟɦɨɝɨ ɩɪɹɦɨɭɝɨɥɶɧɢɤɚ. Ⱦɨɩɭɫɬɢɦɨɟ 
ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɤɚɪɬɨɣ ɪɚɫɤɪɨɹ. 

ɉɭɫɬɶ I  – ɦɧɨɠɟɫɬɜɨ ɢɧɞɟɤɫɨɜ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɞɨɩɭɫɬɢɦɨɦɭ ɪɟɲɟɧɢɸ 
ɡɚɞɚɱɢ. Ɍɨɝɞɚ ɡɚɞɚɱɚ ɩɨɢɫɤɚ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɟɲɟɧɢɹ ɫɨɫɬɨɢɬ ɜ ɩɨɢɫɤɟ ɬɚɤɨɝɨ 
ɩɨɞɦɧɨɠɟɫɬɜɚ ɢɧɞɟɤɫɨɜ I , ɞɥɹ ɤɨɬɨɪɨɝɨ ɛɭɞɟɬ ɦɢɧɢɦɚɥɶɧɨɣ ɪɚɡɧɨɫɬɶ 
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− → . ɍɫɬɚɧɨɜɢɬɶ ɨɩɬɢɦɚɥɶɧɨɫɬɶ ɬɨɣ ɢɥɢ ɢɧɨɣ ɤɚɪɬɵ ɪɚɫɤɪɨɹ 

ɞɨɫɬɚɬɨɱɧɨ ɫɥɨɠɧɨ. Ɉɞɧɚɤɨ ɫɭɳɟɫɬɜɭɟɬ ɫɥɭɱɚɣ, ɤɨɝɞɚ ɩɪɨɛɥɟɦɚ 
ɨɩɬɢɦɚɥɶɧɨɫɬɢ ɤɚɪɬɵ ɢɦɟɟɬ ɨɱɟɜɢɞɧɨɟ ɪɟɲɟɧɢɟ. ȿɫɥɢ ɜ ɤɚɪɬɟ ɪɚɫɤɪɨɹ 
ɦɧɨɠɟɫɬɜɨ ɢɧɞɟɤɫɨɜ ɡɚɞɚɟɬ ɜɫɟ ɩɪɹɦɨɭɝɨɥɶɧɢɤɢ {1,2,..., }I n=  ɢ ɩɪɢ ɷɬɨɦ 
ɜɵɩɨɥɧɹɟɬɫɹ ɭɫɥɨɜɢɟ 0i i

i I

HW h w


− = , ɬɨ ɤɚɪɬɭ ɪɚɫɤɪɨɹ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ 

ɩɨɥɧɨɣ ɤɚɪɬɨɣ. Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɩɨɥɧɚɹ ɤɚɪɬɚ ɪɚɫɤɪɨɹ ɫɨɨɬɜɟɬɫɬɜɭɟɬ 
ɨɩɬɢɦɚɥɶɧɨɦɭ ɪɟɲɟɧɢɸ ɡɚɞɚɱɢ. 

Ƚɟɧɟɪɚɰɢɹ ɫɥɭɱɚɣɧɵɯ ɩɨɥɧɵɯ ɤɚɪɬ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ. 
Ɋɚɫɫɦɨɬɪɢɦ ɧɟɤɨɬɨɪɵɟ ɢɡ ɦɟɬɨɞɨɜ ɝɟɧɟɪɚɰɢɢ ɫɥɭɱɚɣɧɵɯ ɩɪɹɦɨɭɝɨɥɶɧɵɯ 
ɪɚɫɤɪɨɟɜ, ɤɨɬɨɪɵɟ ɦɨɝɭɬ ɛɵɬɶ ɜɡɹɬɵ ɜ ɨɫɧɨɜɭ ɝɟɧɟɪɚɬɨɪɚ. 

ɇɚɢɛɨɥɟɟ ɩɪɨɫɬɨɣ ɫɥɭɱɚɣɧɵɣ ɪɚɫɤɪɨɣ ɦɨɠɟɬ ɛɵɬɶ ɩɨɥɭɱɟɧ ɫ ɩɨɦɨɳɶɸ 
ɚɥɝɨɪɢɬɦɚ ɝɟɧɟɪɚɰɢɢ ɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ [11,14]. ɋɭɬɶ ɬɚɤɨɝɨ ɪɚɫɤɪɨɹ 
ɡɚɤɥɸɱɚɟɬɫɹ ɜ ɬɨɦ, ɱɬɨ ɤɚɠɞɵɣ ɪɚɡɪɟɡ ɜɵɩɨɥɧɹɟɬɫɹ ɫɬɪɨɝɨ ɨɬ ɨɞɧɨɝɨ ɤɪɚɹ 
ɥɢɫɬɚ ɞɨ ɞɪɭɝɨɝɨ, ɩɚɪɚɥɥɟɥɶɧɨ ɨɞɧɨɣ ɢɡ ɟɝɨ ɫɬɨɪɨɧ. 

Ⱥɥɝɨɪɢɬɦ ɪɚɛɨɬɚɟɬ ɪɟɤɭɪɫɢɜɧɨ. Ƚɥɭɛɢɧɚ ɪɟɤɭɪɫɢɢ n , ɚ ɬɚɤɠɟ ɪɚɡɦɟɪɵ 
W H  ɢɫɯɨɞɧɨɝɨ ɥɢɫɬɚ 0f  ɨɩɪɟɞɟɥɹɸɬɫɹ ɡɚɪɚɧɟɟ. ɇɚ ɨɱɟɪɟɞɧɨɦ ɲɚɝɟ ɞɥɹ 
ɮɪɚɝɦɟɧɬɚ k

if  ɫɥɭɱɚɣɧɵɦ ɨɛɪɚɡɨɦ ɜɵɛɢɪɚɟɬɫɹ ɨɞɧɨ ɢɡ ɧɚɩɪɚɜɥɟɧɢɣ ɪɚɡɪɟɡɚ: 
ɜɟɪɬɢɤɚɥɶɧɨɟ ɢɥɢ ɝɨɪɢɡɨɧɬɚɥɶɧɨɟ. Ɂɚɬɟɦ ɝɟɧɟɪɢɪɭɟɬɫɹ ɫɥɭɱɚɣɧɨɟ ɱɢɫɥɨ   ɢɡ 
ɢɧɬɟɪɜɚɥɚ ( )0,1 . ɉɪɢ ɷɬɨɦ, ɜɟɪɬɢɤɚɥɶɧɵɣ ɪɚɡɪɟɡ ɜɵɩɨɥɧɹɟɬɫɹ ɧɚ ɪɚɫɫɬɨɹɧɢɢ 

W   ɨɬ ɥɟɜɨɝɨ ɤɪɚɹ ɥɢɫɬɚ, ɚ ɝɨɪɢɡɨɧɬɚɥɶɧɵɣ – ɧɚ ɪɚɫɫɬɨɹɧɢɢ H   ɨɬ 
ɜɟɪɯɧɟɝɨ. Ʉɚɠɞɵɣ ɢɡ ɩɨɥɭɱɟɧɧɵɯ ɮɪɚɝɦɟɧɬɨɜ 1

1if +  ɢ 2
1if + , ɬɚɤ ɠɟ ɪɟɤɭɪɫɢɜɧɨ 

ɪɚɡɪɟɡɚɟɬɫɹ, ɟɫɥɢ ɞɥɹ ɧɟɝɨ ɜɵɩɨɥɧɹɟɬɫɹ ɭɫɥɨɜɢɟ: 1i n+  . 
ɉɪɢɦɟɪ ɪɚɛɨɬɵ ɞɚɧɧɨɝɨ ɚɥɝɨɪɢɬɦɚ ɞɥɹ 4n =  ɩɪɟɞɫɬɚɜɥɟɧ ɧɢɠɟ (ɪɢɫ. 1). 
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Ɋɢɫ. 1. ɉɪɢɦɟɪ ɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ. 

Ɉɞɧɚ ɢɡ ɜɚɪɢɚɰɢɣ ɞɚɧɧɨɝɨ ɚɥɝɨɪɢɬɦɚ ɭɩɪɚɡɞɧɹɟɬ ɜɵɛɨɪ ɧɚɩɪɚɜɥɟɧɢɹ 
ɪɚɡɪɟɡɚ, ɝɟɧɟɪɢɪɭɹ ɫɪɚɡɭ ɞɜɚ ɱɢɫɥɚ   ɢ  , ɢ ɪɚɫɫɟɤɚɹ ɨɱɟɪɟɞɧɨɣ ɮɪɚɝɦɟɧɬ 
ɫɪɚɡɭ ɧɚ ɱɟɬɵɪɟ ɱɚɫɬɢ. ɋɬɪɭɤɬɭɪɚ ɪɚɫɤɪɨɹ ɩɪɢ ɷɬɨɦ ɫɬɚɧɨɜɢɬɫɹ ɛɨɥɟɟ 
ɨɞɧɨɨɛɪɚɡɧɨɣ (ɪɢɫ. 2). 

 
Ɋɢɫ. 2. ɒɟɫɬɧɚɞɰɚɬɶ ɮɪɚɝɦɟɧɬɨɜ, ɩɨɥɭɱɟɧɧɵɟ ɞɪɭɝɨɣ ɜɚɪɢɚɰɢɟɣ 

ɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ. 
ɋɭɳɟɫɬɜɭɟɬ ɛɨɥɟɟ ɫɥɨɠɧɵɣ ɚɥɝɨɪɢɬɦ ɝɟɧɟɪɚɰɢɢ ɫɥɭɱɚɣɧɨɝɨ 

ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ, ɪɚɛɨɬɚ ɤɨɬɨɪɨɝɨ ɫɨɫɬɨɢɬ ɢɡ ɧɟɫɤɨɥɶɤɢɯ ɷɬɚɩɨɜ: 
1. ɝɟɧɟɪɚɰɢɢ ɫɥɭɱɚɣɧɨɣ ɫɟɬɤɢ ɢɡ ɬɨɱɟɤ, ɤɨɬɨɪɚɹ ɛɭɞɟɬ ɩɨɤɪɵɜɚɬɶ ɢɫɯɨɞɧɵɣ 

ɥɢɫɬ; 
2. ɭɞɚɥɟɧɢɹ ɧɟɤɨɬɨɪɵɯ ɬɨɱɟɤ ɫɟɬɤɢ ɫɥɭɱɚɣɧɵɦ ɨɛɪɚɡɨɦ; 
3. ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɩɨɥɭɱɟɧɧɨɣ ɫɟɬɤɢ ɜ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɣ ɩɪɹɦɨɭɝɨɥɶɧɵɣ 

ɪɚɫɤɪɨɣ. 
ɉɟɪɟɞ ɧɚɱɚɥɨɦ ɪɚɛɨɬɵ ɚɥɝɨɪɢɬɦɚ ɨɩɪɟɞɟɥɹɸɬɫɹ ɪɚɡɦɟɪɵ W H  ɢɫɯɨɞɧɨɝɨ 

ɥɢɫɬɚ, ɚ ɬɚɤɠɟ, ɝɟɧɟɪɢɪɭɸɬɫɹ ɩɚɪɚɦɟɬɪɵ m  ɢ n  ɫɥɭɱɚɣɧɨɣ ɬɨɱɟɱɧɨɣ ɫɟɬɤɢ, 
ɧɚ ɤɨɬɨɪɭɸ ɭɫɥɨɜɧɨ ɪɚɡɛɢɜɚɟɬɫɹ ɢɫɯɨɞɧɵɣ ɥɢɫɬ (ɪɢɫ. 3). 

 

 
Ɋɢɫ. 3. ɉɪɢɦɟɪ ɫɥɭɱɚɣɧɨɣ ɫɟɬɤɢ ɢɡ ɬɨɱɟɤ, ɤɨɬɨɪɨɣ ɩɨɤɪɵɜɚɟɬɫɹ 

ɢɫɯɨɞɧɵɣ ɥɢɫɬ. 
 
ɉɚɪɚɦɟɬɪ ( )4m m  , ɩɪɢ ɷɬɨɦ, ɡɚɞɚёɬ ɤɨɥɢɱɟɫɬɜɨ ɬɨɱɟɤ ɫɟɬɤɢ ɜɞɨɥɶ ɨɞɧɨɣ 

ɫɬɨɪɨɧɵ ɥɢɫɬɚ, ɚ ɩɚɪɚɦɟɬɪ ( )4n n   – ɜɞɨɥɶ ɞɪɭɝɨɣ. Ʉɪɚɣɧɢɟ ɬɨɱɤɢ ɫɟɬɤɢ 
ɜɫɟɝɞɚ ɪɚɫɩɨɥɚɝɚɸɬɫɹ ɩɨ ɤɪɚɸ ɥɢɫɬɚ. 

ȼ ɩɪɨɰɟɫɫɟ ɝɟɧɟɪɚɰɢɢ ɫɥɭɱɚɣɧɨɣ ɬɨɱɟɱɧɨɣ ɫɟɬɤɢ ɡɚɩɨɥɧɹɸɬɫɹ ɞɜɚ ɦɚɫɫɢɜɚ 
 a i , 1,i m=  ɢ  b j , 1,j n=  ɫɥɭɱɚɣɧɵɦɢ ɱɢɫɥɚɦɢ ɜ ɜɨɡɪɚɫɬɚɸɳɟɦ ɩɨɪɹɞɤɟ. 

ɉɪɢ ɷɬɨɦ, ɩɪɨɢɡɜɨɥɶɧɚɹ ɬɨɱɤɚ ɫɟɬɤɢ ɛɭɞɟɬ ɡɚɞɚɧɚ ɩɚɪɨɣ ɱɢɫɟɥ ( ),x y , ɝɞɟ 
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 x a i ,  y b j . ɇɢɠɟ ɩɪɢɜɟɞɟɧɚ ɪɟɚɥɢɡɚɰɢɹ ɞɚɧɧɨɝɨ ɩɪɨɰɟɫɫɚ ɞɥɹ ɦɚɫɫɢɜɚ 
 a i  (ɥɢɫɬ. 1). 

 

 
Ʌɢɫɬ. 1. ɉɪɨɰɟɫɫ ɝɟɧɟɪɚɰɢɢ ɦɚɫɫɢɜɚ ɢɧɬɟɪɜɚɥɨɜ ɫɟɬɤɢ. 

ɉɪɢɦɟɧɹɹ ɞɚɧɧɵɣ ɩɨɞɯɨɞ, ɜɟɪɨɹɬɧɨɫɬɶ ɩɨɥɭɱɢɬɶ ɬɭ ɢɥɢ ɢɧɭɸ ɬɨɱɟɱɧɭɸ 
ɫɟɬɤɭ ɨɞɢɧɚɤɨɜɚ ɫɪɟɞɢ ɜɫɟɯ ɜɨɡɦɨɠɧɵɯ ɬɨɱɟɱɧɵɯ ɫɟɬɨɤ ɫ ɬɚɤɢɦɢ ɠɟ 
ɡɧɚɱɟɧɢɹɦɢ ɩɚɪɚɦɟɬɪɨɜ m  ɢ n . 

Ʉɚɤɢɦ ɛɵ ɫɬɪɚɧɧɵɦ ɷɬɨ ɧɟ ɩɨɤɚɡɚɥɨɫɶ, ɧɨ ɭɞɚɥɟɧɢɟ ɫɥɭɱɚɣɧɵɯ ɬɨɱɟɤ ɢɡ 
ɩɨɥɭɱɟɧɧɨɣ ɫɟɬɤɢ ɦɨɠɧɨ ɜɵɩɨɥɧɹɬɶ ɟɳё ɞɨ ɟё ɝɟɧɟɪɚɰɢɢ, ɩɨɫɤɨɥɶɤɭ ɩɪɨɰɟɫɫ 
ɡɚɜɢɫɢɬ ɬɨɥɶɤɨ ɨɬ ɜɯɨɞɧɵɯ ɩɚɪɚɦɟɬɪɨɜ m  ɢ n . 

ȼ ɫɥɟɞɭɸɳɟɦ ɩɪɨɰɟɫɫɟ ɢɫɩɨɥɶɡɭɟɬɫɹ ɦɚɬɪɢɰɚ  ,s i j  ɫɩɟɰɢɚɥɶɧɨɝɨ ɜɢɞɚ 
ɪɚɡɦɟɪɨɦ m n , ɷɥɟɦɟɧɬɵ ɤɨɬɨɪɨɣ ɦɨɝɭɬ ɩɪɢɧɢɦɚɬɶ ɬɨɥɶɤɨ ɬɪɢ ɡɧɚɱɟɧɢɹ: 0, 
1 ɢ 2. Ʉɚɠɞɵɣ ɷɥɟɦɟɧɬ ɦɚɬɪɢɰɵ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɟɞɢɧɫɬɜɟɧɧɨɣ ɬɨɱɤɟ ɧɚ 
ɩɨɥɭɱɟɧɧɨɣ ɫɟɬɤɟ. ȿɫɥɢ ɷɥɟɦɟɧɬ ɦɚɬɪɢɰɵ ɩɪɢɧɢɦɚɟɬ ɡɧɚɱɟɧɢɟ 0, ɬɨ 
ɫɨɨɬɜɟɬɫɬɜɭɸɳɚɹ ɟɦɭ ɬɨɱɤɚ ɞɨɥɠɧɚ ɛɵɬɶ ɭɞɚɥɟɧɚ ɢɡ ɫɟɬɤɢ. Ɂɧɚɱɟɧɢɟ 
ɷɥɟɦɟɧɬɚ ɪɚɜɧɨɟ 2 ɡɚɩɪɟɳɚɟɬ ɭɞɚɥɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɣ ɬɨɱɤɢ, ɚ ɡɧɚɱɟɧɢɟ 
ɪɚɜɧɨɟ 1 ɹɜɥɹɟɬɫɹ ɡɧɚɱɟɧɢɟɦ ɩɨ ɭɦɨɥɱɚɧɢɸ, ɢ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɦɚɧɢɩɭɥɹɰɢɢ ɫ 
ɬɨɱɤɨɣ ɟɳё ɧɟ ɛɵɥɢ ɩɪɨɜɟɞɟɧɵ. Ʉɪɚɣɧɢɟ ɬɨɱɤɢ ɫɟɬɤɢ ɜɫɟɝɞɚ ɢɡɧɚɱɚɥɶɧɨ 
ɡɚɮɢɤɫɢɪɨɜɚɧɵ ɢ ɧɟ ɦɨɝɭɬ ɛɵɬɶ ɭɞɚɥɟɧɵ. ɇɢɠɟ ɩɪɟɞɫɬɚɜɥɟɧɚ ɪɟɚɥɢɡɚɰɢɹ 
ɩɪɨɰɟɫɫɚ ɢɧɢɰɢɚɥɢɡɚɰɢɢ ɞɚɧɧɨɣ ɦɚɬɪɢɰɵ (ɥɢɫɬ 2). 

ɉɨɫɥɟ ɢɧɢɰɢɚɥɢɡɚɰɢɢ ɚɥɝɨɪɢɬɦ ɫɥɭɱɚɣɧɵɦ ɨɛɪɚɡɨɦ ɩɟɪɟɛɢɪɚɟɬ ɜɫɟ 
ɷɥɟɦɟɧɬɵ ɦɚɬɪɢɰɵ. ȿɫɥɢ ɨɱɟɪɟɞɧɨɣ ɷɥɟɦɟɧɬ ɦɚɬɪɢɰɵ ɩɪɢɧɢɦɚɟɬ ɡɧɚɱɟɧɢɟ 1, 
ɬɨ ɫɨɨɬɜɟɬɫɬɜɭɸɳɚɹ ɟɦɭ ɬɨɱɤɚ ɩɨɦɟɱɚɟɬɫɹ ɤɚɤ ɭɞɚɥёɧɧɚɹ ɢ ɡɧɚɱɟɧɢɟ 
ɷɥɟɦɟɧɬɚ ɫɛɪɚɫɵɜɚɟɬɫɹ ɜ 0, ɩɪɢ ɷɬɨɦ ɫɨɫɟɞɧɢɟ ɩɨ ɞɢɚɝɨɧɚɥɢ ɷɥɟɦɟɧɬɵ 
ɦɚɬɪɢɰɵ ɩɨɥɭɱɚɸɬ ɡɧɚɱɟɧɢɟ 2, ɚ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɢɦ ɬɨɱɤɢ ɡɚɳɢɳɚɸɬɫɹ ɨɬ 
ɭɞɚɥɟɧɢɹ (ɥɢɫɬ. 3). 

ɉɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ɩɟɪɟɛɨɪɚ ɷɥɟɦɟɧɬɨɜ ɦɚɬɪɢɰɵ  ,s i j  ɧɚɢɛɨɥɟɟ 
ɷɮɮɟɤɬɢɜɧɨ ɦɨɠɟɬ ɛɵɬɶ ɩɪɟɞɫɬɚɜɥɟɧɚ ɫɥɭɱɚɣɧɨɣ ɤɨɦɛɢɧɚɬɨɪɧɨɣ 
ɩɟɪɟɫɬɚɧɨɜɤɨɣ ɢɡ m n  ɷɥɟɦɟɧɬɨɜ, ɤɨɬɨɪɚɹ ɝɟɧɟɪɢɪɭɟɬɫɹ ɭɠɟ ɢɡɜɟɫɬɧɵɦ 
ɬɚɫɨɜɚɧɢɟɦ Ɏɢɲɟɪɚ-Ƀɟɬɫɚ [15]. Ɋɚɜɧɨɜɟɪɨɹɬɧɚɹ ɫɥɭɱɚɣɧɚɹ ɩɟɪɟɫɬɚɧɨɜɤɚ 
ɨɛɟɫɩɟɱɢɜɚɟɬ ɪɚɜɧɭɸ ɜɟɪɨɹɬɧɨɫɬɶ ɩɨɥɭɱɟɧɢɹ ɫɥɭɱɚɣɧɨɣ ɦɚɬɪɢɰɵ ɩɨɫɥɟ 
ɜɵɩɨɥɧɟɧɢɹ ɩɪɨɰɟɫɫɚ. 
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Ʉɚɠɞɵɣ ɷɥɟɦɟɧɬ ɩɟɪɟɫɬɚɧɨɜɤɢ ɨɞɧɨɡɧɚɱɧɨ ɪɚɫɤɥɚɞɵɜɚɟɬɫɹ ɧɚ ɞɜɚ ɢɧɞɟɤɫɚ 
ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ ɷɥɟɦɟɧɬɚ ɦɚɬɪɢɰɵ ɫ ɩɨɦɨɳɶɸ ɨɩɟɪɚɰɢɣ ɰɟɥɨɱɢɫɥɟɧɧɨɝɨ 
ɞɟɥɟɧɢɹ ɢ ɩɨɥɭɱɟɧɢɹ ɨɫɬɚɬɤɚ ɨɬ ɞɟɥɟɧɢɹ. 

 

Ʌɢɫɬ. 2. ɉɪɨɰɟɫɫ ɢɧɢɰɢɚɥɢɡɚɰɢɢ ɦɚɬɪɢɰɵ. 
 

Ʌɢɫɬ. 3. ɉɪɨɰɟɫɫ ɭɞɚɥɟɧɢɹ ɬɨɱɟɤ ɫɟɬɤɢ. 
 
ɇɚ ɩɨɫɥɟɞɧɟɦ ɷɬɚɩɟ ɚɥɝɨɪɢɬɦɚ ɫɜɟɞɟɧɢɹ, ɤɨɬɨɪɵɟ ɛɵɥɢ ɩɨɥɭɱɟɧɵ ɧɚ 

ɩɟɪɜɵɯ ɞɜɭɯ ɷɬɚɩɚɯ, ɨɛɴɟɞɢɧɹɸɬɫɹ ɢ ɩɪɟɨɛɪɚɡɨɜɵɜɚɸɬɫɹ ɜ ɭɞɨɛɧɵɣ ɮɨɪɦɚɬ. 
Ɉɧɢ ɦɨɝɭɬ ɛɵɬɶ ɢɫɩɨɥɶɡɨɜɚɧɵ ɞɥɹ ɛɵɫɬɪɨɝɨ ɜɢɡɭɚɥɶɧɨɝɨ ɨɬɨɛɪɚɠɟɧɢɹ 
ɪɚɫɤɪɨɹ, ɩɪɟɨɛɪɚɡɨɜɚɧɵ ɜ ɦɧɨɠɟɫɬɜɨ ɭɡɥɨɜɵɯ ɬɨɱɟɤ, ɩɪɟɨɛɪɚɡɨɜɚɧɵ ɜ 
ɦɧɨɠɟɫɬɜɨ ɩɪɹɦɨɭɝɨɥɶɧɵɯ ɮɪɚɝɦɟɧɬɨɜ ɢ ɬ.ɞ., ɧɚɩɪɢɦɟɪ, ɜɢɡɭɚɥɶɧɵɣ ɪɚɫɤɪɨɣ 
ɦɨɠɟɬ ɛɵɬɶ ɩɨɫɬɪɨɟɧ, ɟɫɥɢ ɤɚɠɞɭɸ ɩɚɪɭ ɫɨɫɟɞɧɢɯ ɡɚɮɢɤɫɢɪɨɜɚɧɧɵɯ ɬɨɱɟɤ 
ɫɟɬɤɢ ɫɨɟɞɢɧɢɬɶ ɩɪɹɦɨɣ ɥɢɧɢɟɣ. 

ɇɟɫɤɨɥɶɤɨ ɩɪɢɦɟɪɨɜ ɪɚɛɨɬɵ ɚɥɝɨɪɢɬɦɚ ɩɪɟɞɫɬɚɜɥɟɧɵ ɧɢɠɟ. ɋɥɟɜɚ 
ɢɡɨɛɪɚɠёɧ ɪɟɡɭɥɶɬɚɬ, ɩɨɥɭɱɟɧɧɵɣ ɞɥɹ ɦɚɥɵɯ ɡɧɚɱɟɧɢɣ m  ɢ n  (ɪɢɫ. 3ɚ), ɚ 
ɫɩɪɚɜɚ – ɧɚɨɛɨɪɨɬ, ɞɥɹ ɛɨɥɶɲɢɯ (ɪɢɫ. 3ɛ). 

Ⱦɥɹ ɧɟɤɨɬɨɪɵɯ ɩɪɚɤɬɢɱɟɫɤɢɯ ɡɚɞɚɱ ɧɟɞɨɫɬɚɬɤɨɦ ɚɥɝɨɪɢɬɦɚ ɦɨɠɟɬ 
ɫɱɢɬɚɬɶɫɹ ɧɚɥɢɱɢɟ ɜɵɬɹɧɭɬɵɯ ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ ɜ ɛɨɥɶɲɢɧɫɬɜɟ ɪɚɫɤɪɨɟɜ. Ⱦɥɹ 
ɫɝɥɚɠɢɜɚɧɢɹ ɬɚɤɢɯ ɪɟɡɭɥɶɬɚɬɨɜ ɫɭɳɟɫɬɜɭɟɬ ɧɟɛɨɥɶɲɚɹ ɦɨɞɢɮɢɤɚɰɢɹ 
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ɚɥɝɨɪɢɬɦɚ, ɫɭɬɶ ɤɨɬɨɪɨɣ ɫɨɫɬɨɢɬ ɜ ɬɨɦ, ɱɬɨɛɵ ɧɟ ɜɵɩɨɥɧɹɬɶ ɩɪɨɰɟɫɫ 
ɭɞɚɥɟɧɢɹ ɫɥɭɱɚɣɧɵɯ ɬɨɱɟɤ ɫɟɬɤɢ ɞɨ ɤɨɧɰɚ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɞɨɥɹ ɩɟɪɟɛɢɪɚɟɦɵɯ 
ɷɥɟɦɟɧɬɨɜ ɦɚɬɪɢɰɵ  ,s i j  ɡɚɞɚёɬɫɹ ɧɟɤɨɬɨɪɵɦ ɩɚɪɚɦɟɬɪɨɦ  0,1 , ɬɟɦ 
ɫɚɦɵɦ ɢɫɩɨɥɶɡɭɹ ɬɨɥɶɤɨ ɩɟɪɜɵɟ ( )m n   ɷɥɟɦɟɧɬɨɜ ɩɟɪɟɫɬɚɧɨɜɤɢ, ɡɚɞɚɸɳɟɣ 
ɩɨɪɹɞɨɤ ɩɟɪɟɛɨɪɚ ɷɥɟɦɟɧɬɨɜ. 

  
ɚ) ɛ) 

 
Ɋɢɫ. 3. ɉɪɢɦɟɪɵ ɪɚɛɨɬɵ ɚɥɝɨɪɢɬɦɚ. 

ɋɪɚɜɧɢɬɶ ɪɟɡɭɥɶɬɚɬ ɪɚɛɨɬɵ ɦɨɞɢɮɢɰɢɪɨɜɚɧɧɨɝɨ ɚɥɝɨɪɢɬɦɚ (ɪɢɫ. 4ɛ) ɫ 
ɪɚɛɨɬɨɣ ɢɫɯɨɞɧɨɝɨ ɚɥɝɨɪɢɬɦɚ (ɪɢɫ. 4ɚ), ɦɨɠɧɨ ɡɚɞɚɜ ɨɞɢɧɚɤɨɜɵɣ ɩɨɪɹɞɨɤ 
ɩɟɪɟɛɨɪɚ ɷɥɟɦɟɧɬɨɜ ɦɚɬɪɢɰɵ. 

 

  
ɚ) ɛ) 

 

Ɋɢɫ. 4. ɋɪɚɜɧɟɧɢɟ ɪɟɡɭɥɶɬɚɬɨɜ ɢɫɯɨɞɧɨɝɨ ɢ ɦɨɞɢɮɢɰɢɪɨɜɚɧɧɨɝɨ 

ɚɥɝɨɪɢɬɦɨɜ. 
ɇɚ ɪɢɫɭɧɤɟ (ɪɢɫ. 4) ɦɨɠɧɨ ɜɢɞɟɬɶ, ɱɬɨ ɦɧɨɝɢɟ ɛɨɥɶɲɢɟ ɜɵɬɹɧɭɬɵɟ 

ɮɪɚɝɦɟɧɬɵ ɟɳё ɧɟ ɭɫɩɟɥɢ ɨɛɪɚɡɨɜɚɬɶɫɹ ɜ ɫɢɥɭ ɧɟɩɨɥɧɨɝɨ ɩɟɪɟɛɨɪɚ 
ɷɥɟɦɟɧɬɨɜ. Ɉɞɧɚɤɨ, ɡɧɚɱɟɧɢɟ ɩɚɪɚɦɟɬɪɚ   ɛɥɢɡɤɨɟ ɤ ɧɭɥɸ ɞɚёɬ ɫɥɭɱɚɣɧɵɣ 
ɪɚɫɤɪɨɣ ɨɱɟɧɶ ɛɥɢɡɤɢɣ ɤ ɧɚɱɚɥɶɧɨɣ ɫɟɬɤɟ. ȼ ɫɜɹɡɢ ɫ ɷɬɢɦ, ɧɚ ɩɪɚɤɬɢɤɟ ɛɨɥɟɟ 
ɨɩɪɚɜɞɚɧɨ ɢɫɩɨɥɶɡɨɜɚɧɢɟ ɡɧɚɱɟɧɢɹ  0.5,1 . 

ȼɵɜɨɞɵ. ȼ ɞɚɧɧɨɣ ɫɬɚɬɶɟ ɛɵɥɢ ɪɚɫɫɦɨɬɪɟɧɵ ɧɟɤɨɬɨɪɵɟ ɚɥɝɨɪɢɬɦɵ 
ɝɟɧɟɪɚɰɢɢ ɫɥɭɱɚɣɧɵɯ ɝɪɚɮɨɜ, ɚ ɬɚɤɠɟ, ɧɚɢɛɨɥɟɟ ɩɪɨɫɬɵɟ ɦɟɬɨɞɵ ɝɟɧɟɪɚɰɢɢ 
ɫɥɭɱɚɣɧɵɯ ɩɪɹɦɨɭɝɨɥɶɧɵɯ ɪɚɫɤɪɨɟɜ. Ȼɨɥɶɲɨɟ ɜɧɢɦɚɧɢɟ ɛɵɥɨ ɭɞɟɥɟɧɨ 
ɢɦɟɧɧɨ ɪɟɚɥɢɡɚɰɢɹɦ ɞɚɧɧɵɯ ɦɟɬɨɞɨɜ, ɩɨɫɤɨɥɶɤɭ ɢɞɟɹ ɫɬɚɬɶɢ ɨɫɧɨɜɚɧɚ ɧɚ 
ɩɪɚɤɬɢɱɟɫɤɨɦ ɩɪɢɦɟɧɟɧɢɢ ɚɥɝɨɪɢɬɦɨɜ. Ȼɨɥɶɲɢɧɫɬɜɨ ɢɡ ɧɢɯ ɭɠɟ 
ɢɫɩɨɥɶɡɭɸɬɫɹ ɜ ɩɪɨɝɪɚɦɦɧɨɣ ɫɢɫɬɟɦɟ ɬɟɫɬɢɪɨɜɚɧɢɹ ɷɜɨɥɸɰɢɨɧɧɨ-
ɮɪɚɝɦɟɧɬɚɪɧɵɯ ɚɥɝɨɪɢɬɦɨɜ ɞɥɹ ɪɚɡɥɢɱɧɵɯ ɤɥɚɫɫɨɜ ɨɩɬɢɦɢɡɚɰɢɨɧɧɵɯ ɡɚɞɚɱ 
ɧɚ ɝɪɚɮɚɯ. 
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