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Ʌ.Ɍ. Ȼɨɣɤɨ 
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

 

ȺɅȽɈɊɂɌɆ ȼɂɄɈɊɂɋɌȺɇɇə ɆȿɌɈȾɍ ɆȿɀɈȼɂɏ ȿɅȿɆȿɇɌȱȼ 
ɇȺ ɉɊɂɄɅȺȾȱ ɆȱɒȺɇɈȲ ɄɊȺɃɈȼɈȲ ɁȺȾȺɑȱ  

ȾɅə Ɋȱȼɇəɇɇə ɉɍȺɋɋɈɇȺ 
 

ɇɚ ɩɪɢɤɥɚɞɿ ɞɜɨɜɢɦɿɪɧɨɝɨ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ ɨɛɝɨɜɨɪɸɸɬɶɫɹ ɦɨɠɥɢɜɨɫɬɿ 
ɚɥɝɨɪɢɬɦɭ ɡɚɫɬɨɫɭɜɚɧɧɹ ɦɟɬɨɞɭ ɦɟɠɨɜɢɯ ɟɥɟɦɟɧɬɿɜ ɞɨ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɤɪɚɣɨɜɢɯ ɡɚɞɚɱ. 
Ⱥɥɝɨɪɢɬɦ ɞɟɬɚɥɶɧɨ ɪɨɡɝɥɹɧɭɬɨ ɧɚ ɩɪɢɤɥɚɞɿ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ. ȼɢɤɨɧɚɧɚ 
ɩɪɨɝɪɚɦɧɚ ɪɟɚɥɿɡɚɰɿɹ ɚɥɝɨɪɢɬɦɭ ɬɚ ɧɚ ɬɟɫɬɨɜɨɦɭ ɩɪɢɤɥɚɞɿ ɩɨɤɚɡɚɧɿ ɪɟɡɭɥɶɬɚɬɢ ɣɨɝɨ 
ɪɨɛɨɬɢ.  

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɦɟɬɨɞ ɦɟɠɨɜɢɯ ɟɥɟɦɟɧɬɿɜ, ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ, ɡɚɞɚɱɚ Ⱦɿɪɿɯɥɟ, 
ɡɚɞɚɱɚ ɇɟɣɦɚɧɚ, ɦɿɲɚɧɚ ɤɪɚɣɨɜɚ ɡɚɞɚɱɚ.  

 
ɇɚ ɩɪɢɦɟɪɟ ɞɜɭɦɟɪɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɉɭɚɫɫɨɧɚ ɩɪɨɚɧɚɥɢɡɢɪɨɜɚɧɵ ɜɨɡɦɨɠɧɨɫɬɢ 

ɚɥɝɨɪɢɬɦɚ ɩɪɢɦɟɧɟɧɢɹ ɦɟɬɨɞɚ ɝɪɚɧɢɱɧɵɯ ɷɥɟɦɟɧɬɨɜ ɤ ɪɟɲɟɧɢɸ ɤɪɚɟɜɵɯ ɡɚɞɚɱ. 

Ⱥɥɝɨɪɢɬɦ ɩɨɞɪɨɛɧɨ ɪɚɫɫɦɨɬɪɟɧ ɧɚ ɩɪɢɦɟɪɟ ɫɦɟɲɚɧɧɨɣ ɤɪɚɟɜɨɣ ɡɚɞɚɱɢ. ȼɵɩɨɥɧɟɧɚ 
ɩɪɨɝɪɚɦɦɧɚɹ ɪɟɚɥɢɡɚɰɢɹ ɚɥɝɨɪɢɬɦɚ ɢ ɧɚ ɬɟɫɬɨɜɨɦ ɩɪɢɦɟɪɟ ɩɨɤɚɡɚɧɚ ɟɝɨ ɪɚɛɨɬɚ.  

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɦɟɬɨɞ ɝɪɚɧɢɱɧɵɯ ɷɥɟɦɟɧɬɨɜ, ɭɪɚɜɧɟɧɢe ɉɭɚɫɫɨɧɚ, ɡɚɞɚɱɚ 
Ⱦɢɪɢɯɥɟ, ɡɚɞɚɱɚ ɇɟɣɦɚɧɚ, ɫɦɟɲɚɧɧɚɹ ɤɪɚɟɜɚɹ ɡɚɞɚɱɚ. 

 
The possibilities of the algorithm for applying the boundary element method to solving 

boundary value problems are discussed on the example of the two-dimensional Poisson dif-

ferential equation. The algorithm does not change significantly when the type of boundary 

conditions changes: the Dirichlet problem, the Neumann problem, or a mixed boundary 

value problem. The idea of the algorithm is taken from the work of John T. Katsikadelis 

[1]. The algorithm is described in detail in the next sequence of actions. 1) The boundary-

value problem for a two-dimensional finite domain is formulated. The desired function in 

the domain, its values, and its normal derivative on the boundary contour are connected by 

means of the second Green formula. 2) We pass from the boundary value problem for the 

Poisson equation to the boundary value problem for the Laplace equation. This simplifies 

the process of constructing an integral equation. We obtain the integral equation on the 

boundary contour using the boundary conditions. 3) In the integral equation, we divide the 

boundary contour into a finite number of boundary elements. The desired function and its 

normal derivative are considered constant values on each boundary element. We compose 

a system of linear algebraic equations considering these values. 4) We modify the system of 

linear algebraic equations taking into account the boundary conditions. After that, we solve 

it using the Gauss method. 

The computer program has been developed according to the developed algorithm. We 

used it in the learning process. The software implementation of the algorithm takes into 

account the capabilities of modern computer technology and modern needs of the educa-

tional process. The work of the program is shown in the test case. Further modification of 

the described algorithm is possible. 

Keywords: boundary element method, Poisson equation, Dirichlet problem, Neumann 

problem, mixed boundary value. 

_____________________ 
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ȼɫɬɭɩ. Ɇɟɬɨɞ ɦɟɠɨɜɢɯ ɟɥɟɦɟɧɬɿɜ (ɆɆȿ) є ɫɭɱɚɫɧɢɦ ɱɢɫɟɥɶɧɢɦ ɦɟɬɨɞɨɦ, 
ɹɤɢɣ ɩɨɱɚɜ ɚɤɬɢɜɧɨ ɪɨɡɜɢɜɚɬɢɫɹ ɿ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢɫɹ ɡ ɩɨɹɜɨɸ ɬɚ ɪɨɡɜɢɬɤɨɦ 
ɨɛɱɢɫɥɸɜɚɥɶɧɨʀ ɬɟɯɧɿɤɢ. Ɉɫɧɨɜɧɚ ɿɞɟɹ ɦɟɬɨɞɭ ɩɨɥɹɝɚє ɭ ɩɪɟɞɫɬɚɜɥɟɧɧɿ 
ɲɭɤɚɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ ɜ ɨɛɥɚɫɬɿ G ɭ ɜɢɝɥɹɞɿ 
ɿɧɬɟɝɪɚɥɭ ɩɨ ɤɨɧɬɭɪɭ (ɚɛɨ ɩɨɜɟɪɯɧɿ), ɳɨ ɨɛɦɟɠɭє ɰɸ ɨɛɥɚɫɬɶ. Ɍɚɤɟ 
ɩɪɟɞɫɬɚɜɥɟɧɧɹ ɞɨɡɜɨɥɹє ɬɨɱɧɨ ɡɚɞɨɜɨɥɶɧɢɬɢ ɞɢɮɟɪɟɧɰɿɚɥɶɧɟ ɪɿɜɧɹɧɧɹ ɜ 
ɨɛɥɚɫɬɿ G, ɚ ɧɚ ɦɟɠɨɜɨɦɭ ɤɨɧɬɭɪɿ (ɚɛɨ ɩɨɜɟɪɯɧɿ) ɡ ɤɪɚɣɨɜɢɯ ɭɦɨɜ 
ɞɨɛɭɬɢ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ. Ɍɚɤɢɦ ɫɩɨɫɨɛɨɦ ɆɆȿ ɡɦɟɧɲɭє ɜɢɦɿɪɧɿɫɬɶ 
ɡɚɞɚɱɿ ɧɚ ɨɞɢɧɢɰɸ, ɰɶɨɝɨ ɧɟ ɪɨɛɢɬɶ ɦɟɬɨɞ ɫɤɿɧɱɟɧɢɯ ɟɥɟɦɟɧɬɿɜ (Ɇɋȿ). 
Ɉɬɠɟ, ɆɆȿ ɩɨɬɪɟɛɭє ɦɟɧɲɨɝɨ ɨɛ’єɦɭ ɨɛɱɢɫɥɸɜɚɥɶɧɨʀ ɪɨɛɨɬɢ ɭ ɩɨɪɿɜɧɹɧɧɿ ɡ 
Ɇɋȿ.  

Ɉɫɤɿɥɶɤɢ ɩɪɟɞɫɬɚɜɥɹɬɢ ɲɭɤɚɧɭ ɮɭɧɤɰɿɸ ɜ ɨɛɥɚɫɬɿ G ɱɟɪɟɡ ʀʀ ɡɧɚɱɟɧɧɹ ɧɚ 
ɦɟɠɨɜɨɦɭ ɤɨɧɬɭɪɿ ɦɨɠɧɚ ɩɨ-ɪɿɡɧɨɦɭ, ɬɨ ɜɢɧɢɤɚɸɬɶ ɪɿɡɧɿ ɚɥɝɨɪɢɬɦɢ 
ɡɚɫɬɨɫɭɜɚɧɧɹ ɆɆȿ. Ɉɫɧɨɜɧɿ ɫɤɥɚɞɧɨɫɬɿ ɆɆȿ ɡɨɫɟɪɟɞɠɟɧɧɿ ɭ ɪɨɡɜ’ɹɡɭɜɚɧɧɿ 
ɿɧɬɟɝɪɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ. ɇɚ ɩɨɱɚɬɤɭ ɫɜɨɝɨ ɪɨɡɜɢɬɤɭ ɆɆȿ ɜɢɤɨɪɢɫɬɨɜɭɜɚɜɫɹ 
ɞɨ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɚɛɨ ɡɚɞɚɱɿ Ⱦɿɪɿɯɥɟ, ɚɛɨ ɡɚɞɚɱɿ ɇɟɣɦɚɧɚ. Ɉɞɧɚɤ, ɡɚ ɨɫɬɚɧɧɿ 
15-20 ɪɨɤɿɜ ɩɨɱɚɥɢ ɡ’ɹɜɥɹɬɢɫɹ ɪɨɛɨɬɢ, ɜ ɹɤɢɯ ɚɜɬɨɪɢ ɪɨɡɪɨɛɥɹɥɢ ɩɿɞɯɨɞɢ ɞɨ 
ɜɢɤɨɪɢɫɬɚɧɧɹ ɆɆȿ ɩɪɢ ɪɨɡɜ’ɹɡɭɜɚɧɧɿ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ. 

ȼ ɞɚɧɿɣ ɪɨɛɨɬɿ ɚɧɚɥɿɡɭєɬɶɫɹ ɨɞɢɧ ɿɡ ɚɥɝɨɪɢɬɦɿɜ, ɹɤɢɣ ɞɨɡɜɨɥɹє 
ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɆɆȿ ɞɨ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɹɤ ɤɪɚɣɨɜɢɯ ɡɚɞɚɱ Ⱦɿɪɿɯɥɟ ɚɛɨ 
ɇɟɣɦɚɧɚ, ɬɚɤ ɿ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ. Ɋɨɡɝɥɹɞɚєɬɶɫɹ ɥɢɲɟ ɞɜɨɜɢɦɿɪɧɚ 
ɡɚɞɚɱɚ. Іɞɟɹ ɚɥɝɨɪɢɬɦɭ ɜɡɹɬɚ ɡ ɪɨɛɨɬɢ [1], ɣɨɝɨ ɩɪɨɝɪɚɦɧɚ ɪɟɚɥɿɡɚɰɿɹ 
ɚɞɚɩɬɨɜɚɧɚ ɞɨ ɦɨɠɥɢɜɨɫɬɟɣ ɫɭɱɚɫɧɨʀ ɨɛɱɢɫɥɸɜɚɥɶɧɨʀ ɬɟɯɧɿɤɢ ɬɚ ɫɭɱɚɫɧɢɯ 
ɩɨɬɪɟɛ ɧɚɜɱɚɥɶɧɨɝɨ ɩɪɨɰɟɫɭ.  

ɉɨɞɚɥɶɲɟ ɜɢɤɥɚɞɚɧɧɹ ɚɥɝɨɪɢɬɦɭ ɪɨɡɿɛ’єɦɨ ɧɚ ɱɨɬɢɪɢ ɤɪɨɤɢ. 
1.Ɏɨɪɦɭɥɸɜɚɧɧɹ ɡɚɞɚɱɿ ɬɚ ɮɨɪɦɭɥɢ Ƚɪɿɧɚ. ȼ ɫɤɿɧɱɟɧɧɿɣ ɞɜɨɜɢɦɿɪɧɿɣ 

ɨɛɥɚɫɬɿ G, ɨɛɦɟɠɟɧɿɣ ɤɭɫɤɨɜɨ-ɝɥɚɞɤɢɦ ɤɨɧɬɭɪɨɦ 1 2L =   ,  1 2  =  , 

ɪɨɡɝɥɹɧɟɦɨ ɦɿɲɚɧɭ ɤɪɚɣɨɜɭ ɡɚɞɚɱɭ ɞɥɹ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ (ɪɢɫ. 1).  

( , ), ( , )u f x y x y G =  ;                 (1) 

1
1( , )u x y


=  ;                                    (2)  

2

2( , )
u

x y
n 


= 


.                                 (3) 

Ɋɢɫ. 1. Ɉɛɥɚɫɬɶ G 

Ɍɭɬ ɩɨɡɧɚɱɟɧɨ: 
2 2

2 2x y

 
 = +

 
 – ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɣ ɨɩɟɪɚɬɨɪ Ʌɚɩɥɚɫɚ; 

( , ) ( )f x y C G , 1 1( , ) ( )x y C   , 2 2( , ) ( )x y C    – ɜɿɞɨɦɿ ɮɭɧɤɰɿʀ; 
(2)( , ) ( )u x y C G  – ɲɭɤɚɧɚ ɮɭɧɤɰɿɹ ɜ ɨɛɥɚɫɬɿ G; n – ɡɨɜɧɿɲɧɹ ɧɨɪɦɚɥɶ ɞɨ 

ɦɟɠɨɜɨɝɨ ɤɨɧɬɭɪɭ L .  
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ȼɜɚɠɚєɦɨ, ɳɨ ɤɨɥɢ  1 2,L =  =  , ɬɨ ɡɚɞɚɱɚ (1), (2), (3) ɫɬɚє ɡɚɞɚɱɟɸ 
Ⱦɿɪɿɯɥɟ (1), (2); ɤɨɥɢ  2 1,L =  =  , ɬɨ ɡɚɞɚɱɚ (1), (2), (3) ɫɬɚє ɡɚɞɚɱɟɸ 
ɇɟɣɦɚɧɚ (1), (3). ȼ ɨɫɬɚɧɧɶɨɦɭ ɜɢɩɚɞɤɭ ɩɪɢɩɭɫɤɚєɦɨ, ɳɨ ɜɢɤɨɧɭєɬɶɫɹ ɭɦɨɜɚ 
ɪɨɡɜ’ɹɡɧɨɫɬɿ ɡɚɞɚɱɿ ɇɟɣɦɚɧɚ [2]:  

2( , ) ( )
G L

f x y dxdy l dl=   . 

Ⱦɚɥɿ, ɩɨɹɫɧɸɸɱɢ ɚɥɝɨɪɢɬɦ ɧɚ ɩɪɢɤɥɚɞɿ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ, ɛɭɞɟɦɨ 
ɩɚɦ’ɹɬɚɬɢ, ɳɨ ɣɨɝɨ ɦɨɠɧɚ ɡɚɫɬɨɫɨɜɭɜɚɬɢ ɬɚɤɨɠ ɿ ɞɨ ɡɚɞɚɱɿ Ⱦɿɪɿɯɥɟ, ɿ ɞɨ ɡɚɞɚɱɿ 
ɇɟɣɦɚɧɚ.  

Ⱥɥɝɨɪɢɬɦ ɛɚɡɭєɬɶɫɹ ɧɚ ɜɢɤɨɪɢɫɬɚɧɧɿ ɞɪɭɝɨʀ ɮɨɪɦɭɥɢ Ƚɪɿɧɚ [1, 2]  

( )
G L

v u
u v v u dxdy u v dl

n n

   −  =  −      .                         (4) 

ɍ ɮɨɪɦɭɥɿ (4) ɮɭɧɤɰɿʀ u  ɬɚ v  ɦɚɸɬɶ ɛɭɬɢ ɜɢɡɧɚɱɟɧɢɦɢ ɬɚ ɧɟɩɟɪɟɪɜɧɢɦɢ 
ɪɚɡɨɦ ɿɡ ɩɨɯɿɞɧɢɦɢ ɞɨ ɞɪɭɝɨɝɨ ɩɨɪɹɞɤɭ ɜɤɥɸɱɧɨ ɜ ɨɛɥɚɫɬɿ G  ɿ ɞɨ ɩɟɪɲɨɝɨ 
ɩɨɪɹɞɤɭ ɜɤɥɸɱɧɨ ɧɚ ɤɨɧɬɭɪɿ L . ȼ ɭɫɶɨɦɭ ɿɧɲɨɦɭ ɜɨɧɢ ɞɨɜɿɥɶɧɿ.  

ȼ ɹɤɨɫɬɿ ɮɭɧɤɰɿʀ v  ɜɢɛɟɪɟɦɨ ɬɚɤɭ ɮɭɧɤɰɿɸ: 

0

1
( , ) ln

2
v P P r=


,  ɞɟ 2 2

0 0 0 0 0( , ) ( , ) ( ) ( )r P x y P x y x x y y= − = − + − .        (5) 

ɍ ɮɨɪɦɭɥɿ (5) 0 0 0( , )P x y  – ɮɿɤɫɨɜɚɧɚ, ɚ ( , )P x y  – ɞɨɜɿɥɶɧɚ ɬɨɱɤɚ ɧɚ 
ɞɜɨɜɢɦɿɪɧɿɣ ɩɥɨɳɢɧɿ. Ɏɭɧɤɰɿɹ 0( , )v P P  ɡɚɞɨɜɨɥɶɧɹє ɞɢɮɟɪɟɧɰɿɚɥɶɧɟ ɪɿɜɧɹɧɧɹ 
Ʌɚɩɥɚɫɚ ɩɨ ɤɨɨɪɞɢɧɚɬɚɯ ɬɨɱɤɢ ( , )P x y  ɩɪɢ 0P P . 

ɉɿɞɫɬɚɜɢɦɨ (5) ɜ (4) ɿ ɜ ɡɚɥɟɠɧɨɫɬɿ ɜɿɞ ɪɨɡɬɚɲɭɜɚɧɧɹ ɮɿɤɫɨɜɚɧɨʀ ɬɨɱɤɢ 0P  

ɜɿɞɧɨɫɧɨ ɨɛɥɚɫɬɿ G  ɞɨɛɭɞɟɦɨ ɬɚɤɭ ɡɚɥɟɠɧɿɫɬɶ [1, 2]: 

( ) ( ) 0
0 0 0 0

( , )
( , ) ( , )

P PG L

v P P u
P u P v P P u dxdy u v P P dl

n n

  
  =  +  −    

  ,           (6) 

ɞɟ ɤɨɟɮɿɰɿєɧɬ ( )0P  ɜɢɡɧɚɱɚєɬɶɫɹ ɮɨɪɦɭɥɨɸ  

( )
0

0 0

0

1, ;

1
, ;

2

0, .

якщо P G

P якщо P L

якщо P G


 = 

 

                                            (7) 

ɍ ɪɨɛɨɬɿ [2] ɮɨɪɦɭɥɭ (6) ɧɚɡɢɜɚɸɬɶ ɬɪɟɬɶɨɸ ɮɨɪɦɭɥɨɸ Ƚɪɿɧɚ.  
ɍ ɩɪɚɜɿɣ ɱɚɫɬɢɧɿ ɮɨɪɦɭɥɢ (6) ɿɧɬɟɝɪɭɜɚɧɧɹ ɿ ɞɢɮɟɪɟɧɰɿɸɜɚɧɧɹ 

ɜɿɞɛɭɜɚєɬɶɫɹ ɩɨ ɤɨɨɪɞɢɧɚɬɚɯ ɬɨɱɤɢ ( , )P x y . Ʉɨɨɪɞɢɧɚɬɢ ɬɨɱɤɢ 0 0 0( , )P x y  

ɜɿɞɿɝɪɚɸɬɶ ɪɨɥɶ ɩɚɪɚɦɟɬɪɿɜ. Ⱦɥɹ ɩɪɨɫɬɨɬɢ ɩɪɢɩɭɫɤɚєɦɨ, ɳɨ, ɹɤɳɨ ɬɨɱɤɚ 
0 0 0( , )P x y  ɪɨɡɬɚɲɨɜɚɧɚ ɧɚ ɤɨɧɬɭɪɿ L , ɬɨ ɜɨɧɚ ɧɟ є ɤɭɬɨɜɨɸ ɬɨɱɤɨɸ ɤɨɧɬɭɪɭ 

ɚɛɨ ɬɨɱɤɨɸ, ɞɟ ɤɪɚɣɨɜɿ ɭɦɨɜɢ ɡɦɿɧɸɸɬɶ ɬɢɩ.  
ȼɜɚɠɚєɦɨ, ɳɨ ɭ ɮɨɪɦɭɥɿ (6) ɮɭɧɤɰɿɹ u  – ɰɟ ɲɭɤɚɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ (1), 

(2), (3). Ɉɞɧɚɤ, ɭ ɩɪɚɜɿɣ ɱɚɫɬɢɧɿ ɪɿɜɧɨɫɬɿ (6) ɩɪɢɫɭɬɧɿɣ ɿɧɬɟɝɪɚɥ ɩɨ ɨɛɥɚɫɬɿ G. 
ɏɨɱɚ ɩɿɞɿɧɬɟɝɪɚɥɶɧɚ ɮɭɧɤɰɿɹ ɰɶɨɝɨ ɿɧɬɟɝɪɚɥɚ є ɜɿɞɨɦɨɸ ɜ ɨɛɥɚɫɬɿ G ɡ ɭɦɨɜ 
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(1), (5), ɣɨɝɨ ɨɛɱɢɫɥɟɧɧɹ ɫɬɜɨɪɸє ɞɨɞɚɬɤɨɜɿ ɧɟɡɪɭɱɧɨɫɬɿ ɩɪɢ ɱɢɫɟɥɶɧɿɣ 
ɪɟɚɥɿɡɚɰɿʀ ɆɆȿ. ɓɨɛ ɭɧɢɤɧɭɬɢ ɰɢɯ ɧɟɡɪɭɱɧɨɫɬɟɣ, ɩɟɪɟɣɞɟɦɨ ɜɿɞ ɡɚɞɚɱɿ (1), 
(2), (3) ɞɨ ɜɿɞɩɨɜɿɞɧɨʀ ɡɚɞɚɱɿ ɞɥɹ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ.  

2. ɉɟɪɟɯɿɞ ɜɿɞ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ ɞɨ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ. Ɋɨɡɜ’ɹɡɨɤ 
ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ ɲɭɤɚɬɢɦɟɦɨ ɭ ɜɢɝɥɹɞɿ ɫɭɦɢ ɞɜɨɯ 
ɮɭɧɤɰɿɣ 

0( , ) ( , ) ( , )чu x y u x y u x y= + .                                         (8) 

Ɍɭɬ 0 ( , )u x y  – ɡɚɝɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ, 
ɬɨɛɬɨ 0( , ) 0u x y = ; ( , )чu x y  – ɱɚɫɬɢɧɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ 
ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ, ɬɨɛɬɨ ( , ), ( , )чu f x y x y G =  . əɤɳɨ ɮɭɧɤɰɿɹ ( , )чu x y  

ɡɧɚɣɞɟɧɚ, ɬɨ ɜɿɞ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ (1), (2), (3) ɦɨɠɧɚ ɩɟɪɟɣɬɢ ɞɨ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ 
ɞɥɹ ɩɨɲɭɤɭ 0 ( , )u x y . 

0 0, ( , )u x y G =  ;                                                    (9) 

1 1
0 1 0( , ) чu x y u u
 
=  −  ;                                         (10) 

2 2

0
2 0( , ) ч

n

u u
x y u

n n 

 
=  − 

 
.                                    (11) 

Ⱦɥɹ ɩɨɲɭɤɭ ɪɨɡɜ’ɹɡɤɭ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ (9), (10), (11) ɡɜɟɪɬɚєɦɨɫɶ ɞɨ 
ɮɨɪɦɭɥɢ (6). Ɍɟɩɟɪ ɰɹ ɮɨɪɦɭɥɚ ɧɚɛɭɞɟ ɜɢɝɥɹɞɭ: 

( ) ( ) 0 0
0 0 0 0 0

( , )
( , )

P PL

v P P u
P u P u v P P dl

n n

  
  =  −    

 .                    (12) 

Ɍɭɬ ɤɨɟɮɿɰɿєɧɬ ( )0P  ɡɚɥɢɲɚєɬɶɫɹ ɜɢɡɧɚɱɟɧɢɦ ɡɚ ɮɨɪɦɭɥɨɸ (7).  

Ⱦɚɥɿ ɞɥɹ ɩɪɨɫɬɨɬɢ ɡɚɩɢɫɭ ɭ ɮɭɧɤɰɿʀ 0 ( , )u x y  ɮɨɪɦɭɥ (9) – (12) ɿɧɞɟɤɫ ɧɭɥɶ 
ɧɟ ɛɭɞɟɦɨ ɩɢɫɚɬɢ, ɩɚɦ’ɹɬɚɸɱɢ ɩɪɢ ɰɶɨɦɭ, ɳɨ ɦɨɜɚ ɣɞɟ ɩɪɨ ɪɨɡɜ’ɹɡɨɤ 
ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ. Ʉɪɿɦ ɰɶɨɝɨ, ɧɚ ɤɨɧɬɭɪɿ L  

ɩɨɡɧɚɱɚɬɢɦɟɦɨ ɱɟɪɟɡ , nu u  ɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɣ u  ɬɚ u

n




 ɜɿɞɩɨɜɿɞɧɨ, ɚ 

ɱɟɪɟɡ , nu u  – ɧɟɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ ɬɢɯ ɠɟ ɮɭɧɤɰɿɣ. 
əɤɳɨ 0P G , ɬɨ ɭ ɮɨɪɦɭɥɿ (7) ( )0 1P = , ɿ (12) ɩɟɪɟɬɜɨɪɸєɬɶɫɹ ɜ 

ɿɧɬɟɝɪɚɥɶɧɭ ɮɨɪɦɭɥɭ ɞɥɹ ɲɭɤɚɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ (9), (10), (11) ɭ 
ɛɭɞɶ-ɹɤɿɣ ɬɨɱɰɿ 0P G . 

( )
1 2

0 0
0 0 0

( , ) ( , )
( , ) ( , )n n

P P

v P P v P P
u P u v P P u dl u v P P u dl

n n 

    
=  −  +  −        
  .   (13) 

Ɉɞɧɚɤ, ɭ ɩɪɚɜɿɣ ɱɚɫɬɢɧɿ ɪɿɜɧɨɫɬɿ (13) ɩɿɞ ɡɧɚɤɨɦ ɿɧɬɟɝɪɚɥɚ ɿɡ ɞɜɨɯ ɮɭɧɤɰɿɣ 

u  ɬɚ u

n




 ɜɿɞɨɦɨɸ ɧɚ ɦɟɠɨɜɨɦɭ ɤɨɧɬɭɪɿ є ɥɢɲɟ ɹɤɚɫɶ ɨɞɧɚ. Ɍɨɦɭ 

ɤɨɪɢɫɬɭɜɚɬɢɫɹ ɮɨɪɦɭɥɨɸ (13) ɞɥɹ ɨɛɱɢɫɥɟɧɧɹ ɪɨɡɜ’ɹɡɤɭ 0( )u P   ɩɨɤɢ 
ɧɟɦɨɠɥɢɜɨ.  
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Ⱦɥɹ ɜɢɡɧɚɱɟɧɧɹ ɧɟɜɿɞɨɦɢɯ ɤɨɧɬɭɪɧɢɯ ɮɭɧɤɰɿɣ ɫɤɥɚɞɟɦɨ ɿɧɬɟɝɪɚɥɶɧɿ 
ɪɿɜɧɹɧɧɹ. Ⱦɥɹ ɰɶɨɝɨ ɭ ɮɨɪɦɭɥɿ (12) ɜɢɛɢɪɚєɦɨ 0P L , ɜɜɚɠɚɸɱɢ ɤɨɧɬɭɪ L  

ɝɥɚɞɤɢɦ ɜ ɨɤɨɥɿ ɬɨɱɤɢ 0P  (ɰɟ ɡɧɚɱɢɬɶ, ɳɨ ( )0

1

2
P = ), ɬɚ ɧɚɩɢɲɟɦɨ ɮɨɪɦɭɥɭ 

(12) ɭ ɬɚɤɨɦɭ ɜɢɝɥɹɞɿ: 

( ) 0
0 0

1 ( , ) ( )
( ) ( , )

2 P PL

v P P u P
u P u P v P P dl

n n

  
=  −    
 .                         (14) 

ɇɚ ɡɚɥɟɠɧɿɫɬɶ (14) ɦɨɠɧɚ ɞɢɜɢɬɢɫɶ ɹɤ ɧɚ ɦɟɠɨɜɟ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ ɡ 

ɧɟɜɿɞɨɦɢɦɢ ɮɭɧɤɰɿɹɦɢ (ɚɛɨ u , ɚɛɨ 
u

n




) ɧɚ ɤɨɧɬɭɪɿ L . Ɏɭɧɤɰɿɹ 0( , )v P P  ɬɚ ʀʀ 

ɧɨɪɦɚɥɶɧɚ ɩɨɯɿɞɧɚ є ɜɿɞɨɦɢɦɢ. 
əɤɳɨ ɪɨɡɜ’ɹɡɭєɬɶɫɹ ɡɚɞɚɱɚ Ⱦɿɪɿɯɥɟ (ɬɨɛɬɨ ɧɚ ɜɫɶɨɦɭ ɤɨɧɬɭɪɿ L  ɡɚɞɚɧɚ 

ɥɢɲɟ ɭɦɨɜɚ (2) ), ɬɨ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ (14) ɫɬɚє ɬɚɤɢɦ: 

( ) 0
0 0

1 ( , )
( ) ( , ) ( )

2
n

PL

v P P
u P u P v P P u P dl

n

 
=  −   
 ,   0,P P L .         (15) 

ȼ ɿɧɬɟɝɪɚɥɶɧɨɦɭ ɪɿɜɧɹɧɧɿ (15) ɲɭɤɚɧɨɸ є ɮɭɧɤɰɿɹ ( )nu P . Ɋɿɜɧɹɧɧɹ (15) – 

ɰɟ ɥɿɧɿɣɧɟ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ ɩɟɪɲɨɝɨ ɪɨɞɭ. 
əɤɳɨ ɪɨɡɜ’ɹɡɭєɬɶɫɹ ɡɚɞɚɱɚ ɇɟɣɦɚɧɚ (ɬɨɛɬɨ ɧɚ ɜɫɶɨɦɭ ɤɨɧɬɭɪɿ L  ɡɚɞɚɧɚ 

ɥɢɲɟ ɭɦɨɜɚ (3) ), ɬɨ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ (14) ɧɚɛɭɞɟ ɜɢɝɥɹɞɭ: 

( ) 0
0 0

1 ( , )
( ) ( , ) ( )

2
n

PL

v P P
u P u P v P P u P dl

n

 
=  −   
 ,   0,P P L .          (16) 

ɒɭɤɚɧɨɸ ɜ ɿɧɬɟɝɪɚɥɶɧɨɦɭ ɪɿɜɧɹɧɧɿ (16) є ɮɭɧɤɰɿɹ u . ɐɟ ɥɿɧɿɣɧɟ 
ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ ɞɪɭɝɨɝɨ ɪɨɞɭ. 

ɍ ɜɢɩɚɞɤɭ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ (14) ɛɭɞɟ ɦɚɬɢ 
ɪɿɡɧɢɣ ɜɢɝɥɹɞ ɜ ɡɚɥɟɠɧɨɫɬɿ ɜɿɞ ɪɨɡɬɚɲɭɜɚɧɧɹ ɬɨɱɤɢ 0P  ɧɚ ɤɨɧɬɭɪɿ L . 

( )
1

0
0 0

1 ( , )
( ) ( , ) ( )

2
n

P

v P P
u P u P v P P u P dl

n

 
=  −  +  
  

2

0 10
0( , )

( ) ( , ) ( ) ,n

P

v P P
u P v P P u якщоP d Pl

n

 
+  −   




 ;        (17) 

( )
1

0
0 0

1 ( , )
( ) ( , ) ( )

2
n

v P P
u P u P v P P u P dl

n

 =  −  +    

2

0
0 20

( , )
( ) ( , ) ( ) ,n

v P P
u P v P P u якщоP d Pl

n

 +  −   


 .            (18) 

Ⱦɚɥɿ ɧɚ ɜɚɪɿɚɧɬɿ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ ɪɨɡɝɥɹɧɟɦɨ ɧɚɛɥɢɠɟɧɢɣ ɦɟɬɨɞ 
ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɫɢɫɬɟɦɢ ɿɧɬɟɝɪɚɥɶɧɢɯ ɪɿɜɧɹɧɶ (17), (18).  

3. ɆɆȿ ɡɿ ɫɬɚɥɢɦɢ ɦɟɠɨɜɢɦɢ ɟɥɟɦɟɧɬɚɦɢ. Ɇɟɠɨɜɢɣ ɤɨɧɬɭɪ L  
ɪɨɡɛɢɜɚєɦɨ ɧɚ N  ɫɟɝɦɟɧɬɿɜ. Ɍɨɱɤɢ ɪɨɡɛɢɬɬɹ L  ɧɚ ɫɟɝɦɟɧɬɢ ɛɭɞɟɦɨ ɧɚɡɢɜɚɬɢ 
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ɤɪɚɣɨɜɢɦɢ ɬɨɱɤɚɦɢ (ɪɢɫ. 2). Ⱦɿɥɢɬɢ L  ɧɚ ɫɟɝɦɟɧɬɢ ɛɭɞɟɦɨ ɬɚɤ, ɳɨɛ ɭɫɿ ɤɭɬɨɜɿ 
ɬɨɱɤɢ ɤɨɧɬɭɪɭ L  ɬɚ ɬɨɱɤɢ, ɞɟ ɤɪɚɣɨɜɿ ɭɦɨɜɢ ɡɦɿɧɸɸɬɶ ɬɢɩ, ɩɨɩɚɥɢ ɭ 
ɦɧɨɠɢɧɭ ɤɪɚɣɨɜɢɯ ɬɨɱɨɤ. ɇɚ ɤɨɠɧɨɦɭ ɫɟɝɦɟɧɬɿ ɜɢɤɨɧɚєɦɨ ɞɜɚ ɜɢɞɢ 
ɚɩɪɨɤɫɢɦɚɰɿʀ. Ɉɞɧɚ ɫɬɨɫɭєɬɶɫɹ ɝɟɨɦɟɬɪɢɱɧɨʀ ɮɨɪɦɢ ɤɨɧɬɭɪɭ, ɿɧɲɚ – ɡɧɚɱɟɧɧɹ 
ɲɭɤɚɧɨʀ ɮɭɧɤɰɿʀ ɬɚ ʀʀ ɧɨɪɦɚɥɶɧɨʀ ɩɨɯɿɞɧɨʀ ɧɚ ɤɨɧɬɭɪɿ. 

ɍ ɜɢɩɚɞɤɭ ɫɬɚɥɢɯ ɟɥɟɦɟɧɬɿɜ ɦɟɠɨɜɢɣ ɫɟɝɦɟɧɬ ɚɩɪɨɤɫɢɦɭєɦɨ ɜɿɞɪɿɡɤɨɦ, 
ɹɤɢɣ ɛɭɞɟɦɨ ɧɚɡɢɜɚɬɢ ɦɟɠɨɜɢɦ ɟɥɟɦɟɧɬɨɦ (Ɇȿ) ɿ ɹɤɢɣ ɡ’єɞɧɭє ɤɪɚɣɨɜɿ ɬɨɱɤɢ. 
ȼ ɫɟɪɟɞɢɧɿ ɰɶɨɝɨ ɜɿɞɪɿɡɤɚ ɪɨɡɬɚɲɨɜɭєɦɨ ɜɭɡɨɥ ɿ ɦɟɠɨɜɭ ɮɭɧɤɰɿɸ ɩɪɢɣɦɚєɦɨ 
ɫɬɚɥɨɸ ɜɡɞɨɜɠ Ɇȿ ɿ ɪɿɜɧɨɸ ɡɧɚɱɟɧɧɸ ɰɿєʀ ɮɭɧɤɰɿʀ ɭ ɜɭɡɥɨɜɿɣ ɬɨɱɰɿ.  

 
Ɋɢɫ. 2. Ⱦɢɫɤɪɟɬɢɡɚɰɿɹ ɦɟɠɨɜɨɝɨ ɤɨɧɬɭɪɭ, ɫɬɚɥɢɣ Ɇȿ 

 

ɋɬɚɥɿ ɟɥɟɦɟɧɬɢ ɡɨɛɪɚɠɭɸɬɶ ɦɟɠɨɜɿ ɮɭɧɤɰɿʀ ɬɚ ʀɯ ɧɨɪɦɚɥɶɧɿ ɩɨɯɿɞɧɿ 
ɡɧɚɱɟɧɧɹɦɢ, ɪɨɡɪɢɜɧɢɦɢ ɜɿɞ ɟɥɟɦɟɧɬɚ ɞɨ ɟɥɟɦɟɧɬɚ [1].  

ɉɟɪɟɧɭɦɟɪɭєɦɨ N  ɫɬɚɥɢɯ Ɇȿ ɭ ɞɨɞɚɬɧɨɦɭ ɧɚɩɪɹɦɤɭ. Ȼɟɪɟɦɨ ɡɚɥɟɠɧɿɫɬɶ 
(14), ɹɤɚ ɜɿɞɩɨɜɿɞɚє ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɦɭ ɪɿɜɧɹɧɧɸ Ʌɚɩɥɚɫɚ ɿ ɜ ɹɤɿɣ ɬɨɱɤɚ 0P  

ɞɨɪɿɜɧɸє ɬɨɱɰɿ ip , ɬɨɛɬɨ ɜɭɡɥɭ ɧɚ i-ɦɭ ɟɥɟɦɟɧɬɿ (ɪɢɫ. 3).  

ɇɚɩɢɲɟɦɨ (14) ɭ ɞɢɫɤɪɟɬɢɡɨɜɚɧɨɦɭ ɜɢɝɥɹɞɿ 

1 1

1 ( , ) ( )
( ) ( , )

2
j j

N N
i i

i
j jq q

v p q u q
u u q dq v p q dq

n n= = 

 
=  − 

    ,                      (19) 

ɞɟ j  – ɟɥɟɦɟɧɬ (ɩɪɹɦɨɥɿɧɿɣɧɢɣ ɜɿɞɪɿɡɨɤ), ɧɚ ɹɤɨɦɭ ɪɨɡɬɚɲɨɜɚɧɢɣ j –ɣ  ɜɭɡɨɥ 
ɿ ɜɡɞɨɜɠ ɹɤɨɝɨ ɜɢɤɨɧɭєɬɶɫɹ ɿɧɬɟɝɪɭɜɚɧɧɹ ɩɨ ɡɦɿɧɧɿɣ q ; ip  – ɜɭɡɥɨɜɚ ɬɨɱɤɚ i-
ɝɨ ɟɥɟɦɟɧɬɚ. Ɉɫɤɿɥɶɤɢ ɤɨɧɫɬɚɧɬ-ɟɥɟɦɟɧɬ є ɝɥɚɞɤɢɦ ɜ ɨɤɨɥɿ ɜɭɡɥɨɜɢɯ ɬɨɱɨɤ, ɬɨ 

( ) ( )0

1

2
iP p =  = . 

Ɂɚ ɩɪɢɩɭɳɟɧɧɹɦ u  ɬɚ u

n




 є ɫɬɚɥɢɦɢ ɧɚ ɤɨɠɧɨɦɭ Ɇȿ, ɬɨɞɿ ɭ ɪɿɜɧɨɫɬɿ (19) ʀɯ 

ɦɨɠɧɚ ɜɢɧɟɫɬɢ ɡɚ ɡɧɚɤ ɿɧɬɟɝɪɚɥɚ. ɇɚ j –ɦɭ ɦɟɠɨɜɨɦɭ ɟɥɟɦɟɧɬɿ ɩɨɡɧɚɱɢɦɨ ju  

ɬɚ j
nu  ɡɧɚɱɟɧɧɹ u  ɬɚ u

n




, ɜɿɞɩɨɜɿɞɧɨ, ɬɨɞɿ ɪɿɜɧɹɧɧɹ (19) ɦɨɠɧɚ ɧɚɩɢɫɚɬɢ ɬɚɤ: 
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1 1

1 ( , )
( , )

2
j j

N N
i j ji

i n
j jq

v p q
u dq u v p q dq u

n= = 

      − + =
      

   .                      (20) 

 

 
Ɋɢɫ. 3. ɋɯɟɦɚ ɫɤɥɚɞɚɧɧɹ ɧɚɛɥɢɠɟɧɢɯ ɪɿɜɧɹɧɶ, ɫɬɚɥɢɣ Ɇȿ 

 
əɤ ɜɢɞɧɨ ɡ ɪɢɫ. 3, ɿɧɬɟɝɪɚɥɢ, ɩɪɢɫɭɬɧɿ ɜ ɪɿɜɧɹɧɧɿ (20), ɩɨɜ’ɹɡɭɸɬɶ ɦɿɠ 

ɫɨɛɨɸ ɜɭɡɨɥ ip  ɡ ɜɭɡɥɚɦɢ ( 1,2, , )jp j N= . əɤɳɨ ɩɨɡɧɚɱɢɬɢ 

( , )

j

i
ij

q

v p q
dq H

n


=

 ;     ( , )
j

i ijv p q dq G


= ,                          (21) 

ɬɨ (20) ɦɨɠɧɚ ɧɚɩɢɫɚɬɢ ɭ ɛɿɥɶɲ ɩɪɨɫɬɨɦɭ ɜɢɝɥɹɞɿ 

1 1

1

2

N N
i j j

ij ij n
j j

u H u G u
= =

− +  =   .                                           (22) 

Ⱦɚɥɿ ɩɨɡɧɚɱɢɦɨ 1

2
ij ij ijH H= −  , ɞɟ 

1, ;

0, .
ij

i j

i j

=
 =  

 – ɫɢɦɜɨɥ Ʉɪɨɧɟɤɟɪɚ. ɐɟ 

ɞɨɡɜɨɥɹє ɧɚɩɢɫɚɬɢ ɪɿɜɧɹɧɧɹ (22) ɳɟ ɩɪɨɫɬɿɲɟ  

1 1

N N
j j

ij ij n
j j

H u G u
= =

 =   .                                                 (23) 

Ɋɿɜɧɹɧɧɹ (23) ɫɤɥɚɞɚєɦɨ ɞɥɹ ɤɨɠɧɨɝɨ ɜɭɡɥɚ ( 1,2, , )ip i N=  ɬɚ ɨɬɪɢɦɚєɦɨ 
ɫɢɫɬɟɦɭ N  ɚɥɝɟɛɪɚʀɱɧɢɯ ɪɿɜɧɹɧɶ, ɹɤɿ ɦɨɠɧɚ ɧɚɩɢɫɚɬɢ ɭ ɦɚɬɪɢɱɧɨɦɭ ɜɢɝɥɹɞɿ 

     nH u G u= ,                                            (24) 

ɞɟ  H  ɬɚ  G  – ɰɟ N N  ɦɚɬɪɢɰɿ;    , nu u  – ɜɟɤɬɨɪɢ ɜɢɦɿɪɧɨɫɬɿ N  ɤɨɠɟɧ. 
Ɍɟɩɟɪ ɜ ɡɚɥɟɠɧɿɫɬɶ (24) ɫɥɿɞ ɜɜɟɫɬɢ ɜɿɞɨɦɿ ɞɚɧɿ ɡ ɤɪɚɣɨɜɢɯ ɭɦɨɜ (10), (11).   
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4. ɍɪɚɯɭɜɚɧɧɹ ɤɪɚɣɨɜɢɯ ɭɦɨɜ ɬɚ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɋɅȺɊ. ɇɟɯɚɣ ɧɚ 1  

ɪɨɡɬɚɲɨɜɚɧɨ 1N  ɫɬɚɥɢɯ ɟɥɟɦɟɧɬɢ, ɚ ɧɚ 2  – 2N  ɫɬɚɥɢɯ ɟɥɟɦɟɧɬɢ, ɩɪɢɱɨɦɭ 
1 2N N N+ = . ɐɟ ɨɡɧɚɱɚє, ɳɨ ɜɟɤɬɨɪ  nu  ɦɿɫɬɢɬɶ 1N  ɧɟɜɿɞɨɦɢɯ ɡɧɚɱɟɧɶ nu , ɚ 

ɭ ɜɟɤɬɨɪɿ  u  ɡɧɚɯɨɞɹɬɶɫɹ 2N  ɧɟɜɿɞɨɦɢɯ ɡɧɚɱɟɧɶ u . Ɍɪɟɛɚ ɜɿɞɨɤɪɟɦɢɬɢ ɜ 
ɫɢɫɬɟɦɿ (24) ɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ ɜɿɞ ɧɟɜɿɞɨɦɢɯ. Ⱦɥɹ ɰɶɨɝɨ ɛɭɞɟɦɨ ɰɿ ɡɧɚɱɟɧɧɹ ɩɨ 
ɪɿɡɧɨɦɭ ɩɨɦɿɱɚɬɢ ɿ ɪɿɜɧɹɧɧɹ (24) ɧɚɩɢɲɟɦɨ ɭ ɜɢɝɥɹɞɿ 

 
 

 
 

1 1

1 2 1 2

2 2

n

n

uu
H H G G

u u

       =        
      

.                                (25) 

Ɍɭɬ    
1 2
, nu u  – ɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ ɧɚ 1  ɬɚ 2  ɜɿɞɩɨɜɿɞɧɨ, ɚ    

2 1
, nu u  – 

ɧɟɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ. Ɇɚɬɪɢɰɿ  H  ɬɚ  G  ɪɨɡɞɿɥɟɧɿ ɧɚ ɞɜɿ ɱɚɫɬɢɧɢ. ɍ ɦɚɬɪɢɰɿ 
 1H  ɬɚ  1G  ɜɤɥɸɱɟɧɨ ɥɢɲɟ 1N  ɩɟɪɲɢɯ ɫɬɨɜɩɱɢɤɿɜ ɦɚɬɪɢɰɶ  H  ɬɚ  G  

ɜɿɞɩɨɜɿɞɧɨ, ɚ ɭ ɦɚɬɪɢɰɿ  2H  ɬɚ  2G  – ɜɫɿ ɿɧɲɿ ɫɬɨɜɩɱɢɤɢ ɜɿɞ 1 1N +  ɞɨ 

1 2N N+ . Ɋɹɞɤɿɜ ɭ ɜɫɿɯ ɦɚɬɪɢɰɶ  1H ,  1G ,  2H ,  2G  ɨɞɧɚɤɨɜɚ ɤɿɥɶɤɿɫɬɶ, ɚ 
ɫɚɦɟ N . 

ɉɟɪɟɧɟɫɟɦɨ ɜ (25) ɧɟɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ ɧɚ ɥɿɜɢɣ ɛɿɤ ɪɿɜɧɨɫɬɿ, ɚ ɜɿɞɨɦɿ – ɧɚ 
ɩɪɚɜɢɣ ɛɿɤ. 

 
 

 
 

11

1 2 1 2

2 2

n

n

uu
G H H G

uu

      −  = −       
      

. 

Ⱦɥɹ ɤɪɚɳɨɝɨ ɫɩɪɢɣɧɹɬɬɹ ɨɫɬɚɧɧɸ ɫɢɫɬɟɦɭ ɦɨɠɧɚ ɧɚɩɢɫɚɬɢ ɭ ɛɿɥɶɲ 
ɡɜɢɱɧɨɦɭ ɜɢɝɥɹɞɿ 

     A X B = ,                                             (26) 

ɞɟ 

  1 2A G H= −   ,    
 
 

1

2

nu
X

u

  =  
  

,     
 
 

1

1 2

2n

u
B H G

u

  = −    
  

. 

ɍ ɋɅȺɊ (26)  A  – ɤɜɚɞɪɚɬɧɚ ɦɚɬɪɢɰɹ ɜɢɦɿɪɧɨɫɬɿ N N ;    ,X B  – 

ɜɟɤɬɨɪɢ ɜɢɦɿɪɧɨɫɬɿ N  ɤɨɠɧɢɣ. 
Ɋɨɡɜ’ɹɡɚɜɲɢ ɋɅȺɊ (26) ɦɟɬɨɞɨɦ Ƚɚɭɫɫɚ, ɛɭɞɟɦɨ ɡɧɚɬɢ  u  ɬɚ  nu  ɭ ɜɫɿɯ 

ɜɭɡɥɚɯ ɦɟɠɨɜɢɯ ɟɥɟɦɟɧɬɿɜ ɤɨɧɬɭɪɭ L . ɉɿɫɥɹ ɰɶɨɝɨ ɦɨɠɧɚ ɨɛɱɢɫɥɢɬɢ 
ɮɭɧɤɰɿɸ ( )u P  ɭ ɛɭɞɶ-ɹɤɿɣ ɜɧɭɬɪɿɲɧɿɣ ɬɨɱɰɿ P  ɨɛɥɚɫɬɿ G  (ɪɢɫ. 3). Ⱦɥɹ ɰɶɨɝɨ 
ɜɢɛɟɪɟɦɨ ɮɨɪɦɭɥɭ (13) (ɤɨɟɮɿɰɿєɧɬ ( )0 1P = ) ɬɚ ɜɢɤɨɪɢɫɬɚєɦɨ ɜɢɤɨɧɚɧɭ 
ɞɢɫɤɪɟɬɢɡɚɰɿɸ ɤɨɧɬɭɪɭ L . Ⱦɨɛɭɞɟɦɨ ɬɚɤɭ ɪɨɡɪɚɯɭɧɤɨɜɭ ɮɨɪɦɭɥɭ   

1 1

( )
N N

j j
ij ij n

j j

u P H u G u
= =

=  −   .                                        (27) 
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ɍ ɩɪɚɜɿɣ ɱɚɫɬɢɧɿ ɪɿɜɧɨɫɬɿ (27) ɤɨɟɮɿɰɿєɧɬɢ ijH  ɬɚ ijG  ɨɛɱɢɫɥɸєɦɨ ɡɚɧɨɜɨ ɡɚ 
ɮɨɪɦɭɥɚɦɢ (21), ɡɚɦɿɧɢɜɲɢ ɤɨɨɪɞɢɧɚɬɢ ɦɟɠɨɜɨʀ ɬɨɱɤɢ ip  ɧɚ ɤɨɨɪɞɢɧɚɬɢ 
ɜɧɭɬɪɿɲɧɶɨʀ ɬɨɱɤɢ P . 

ɉɪɨɝɪɚɦɧɚ ɪɟɚɥɿɡɚɰɿɹ ɚɥɝɨɪɢɬɦɭ. Ɂɚ ɨɩɢɫɚɧɢɦ ɚɥɝɨɪɢɬɦɨɦ ɛɭɥɚ 
ɦɨɞɢɮɿɤɨɜɚɧɚ ɮɨɪɬɪɚɧ-ɩɪɨɝɪɚɦɚ LABECON [1]. ɇɨɜɚ ɩɪɨɝɪɚɦɚ ɧɚɩɢɫɚɧɚ 
ɫɭɱɚɫɧɨɸ ɦɨɜɨɸ ɋ# ɜ ɫɟɪɟɞɨɜɢɳɿ ɜɿɡɭɚɥɶɧɨʀ ɪɨɡɪɨɛɤɢ ɩɪɨɝɪɚɦ MS Visual 
Studio 2013. ɐɸ ɪɨɛɨɬɭ ɜɢɤɨɧɚɥɢ ɫɬɭɞɟɧɬɢ ɝɪɭɩɢ ɉȺ-17ɦ-1 ɮɚɤɭɥɶɬɟɬɭ 
ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ Ⱦɇɍ ɿɦ. Ɉ. Ƚɨɧɱɚɪɚ ɉɪɭɞɤɨ Ɉ.ɉ. ɬɚ ȼɨɥɶɮɫɨɧ Ɉ.ə. 
ɇɨɜɢɣ ɜɚɪɿɚɧɬ ɩɪɨɝɪɚɦɢ є ɡɪɭɱɧɢɦ ɩɪɢ ɜɢɤɨɪɢɫɬɚɧɧɿ ɭ ɧɚɜɱɚɥɶɧɨɦɭ ɩɪɨɰɟɫɿ. 

Ⱦɥɹ ɬɟɫɬɭɜɚɧɧɹ ɩɪɨɝɪɚɦɢ ɪɨɡɝɥɹɧɟɦɨ ɩɪɢɤɥɚɞ ɨɛɥɚɫɬɿ G  ɭ ɜɢɝɥɹɞɿ 
ɩɪɹɦɨɤɭɬɧɨɝɨ ɪɿɜɧɨɛɟɞɪɟɧɨɝɨ ɬɪɢɤɭɬɧɢɤɚ. 
ɇɟɯɚɣ ɤɚɬɟɬɢ ɰɶɨɝɨ ɬɪɢɤɭɬɧɢɤɚ ɫɤɥɚɞɚɸɬɶ 
ɤɨɧɬɭɪ 1 , ɚ ɝɿɩɨɬɟɧɭɡɚ є ɤɨɧɬɭɪɨɦ 2  

(ɪɢɫ. 4). Ɍɨɱɤɚɦɢ, ɳɨ ɩɨɡɧɚɱɟɧɿ ɧɨɦɟɪɨɦ ɜ 
ɤɨɥɿ, ɪɨɡɛɢɜɚєɦɨ ɦɟɠɨɜɢɣ ɤɨɧɬɭɪ ɨɛɥɚɫɬɿ 
ɧɚ ɫɟɝɦɟɧɬɢ, ɹɤɿ ɨɞɧɨɱɚɫɧɨ є ɦɟɠɨɜɢɦɢ 
ɟɥɟɦɟɧɬɚɦɢ. ȼ ɰɟɧɬɪɿ ɤɨɠɧɨɝɨ Ɇȿ 
ɪɨɡɬɚɲɨɜɚɧɚ ɬɨɱɤɚ ɛɟɡ ɧɨɦɟɪɚ, ɰɟ ɜɭɡɨɥ 
ɰɶɨɝɨ Ɇȿ. ȼɧɭɬɪɿɲɧɹ ɬɨɱɤɚ, ɜ ɹɤɿɣ 
ɩɪɨɝɪɚɦɚ ɨɛɱɢɫɥɸє ɡɧɚɱɟɧɧɹ ɲɭɤɚɧɨʀ 
ɮɭɧɤɰɿʀ, ɥɢɲɟ ɨɞɧɚ, ɿ ʀʀ ɧɨɦɟɪ ɧɚɩɢɫɚɧɨ ɜ 
ɦɚɥɟɧɶɤɨɦɭ ɤɜɚɞɪɚɬɿ, ɪɨɡɬɚɲɨɜɚɧɨɦɭ ɜ 
ɰɟɧɬɪɿ ɨɛɥɚɫɬɿ G .  

 
 Ɋɢɫ. 4. Ɉɛɥɚɫɬɶ G  ɞɥɹ ɩɪɢɤɥɚɞɭ 

 

ȼɯɿɞɧɢɦɢ ɞɚɧɢɦɢ ɞɥɹ ɩɪɨɝɪɚɦɢ є ɬɟɤɫɬɨɜɢɣ ɮɚɣɥ, ɜ ɹɤɢɣ ɡɚɧɨɫɢɦɨ 
ɪɟɡɭɥɶɬɚɬɢ ɞɢɫɤɪɟɬɢɡɚɰɿʀ ɦɟɠɨɜɨɝɨ ɤɨɧɬɭɪɭ ɨɛɥɚɫɬɿ G  (ɪɢɫ. 5). 

 
Ɋɢɫ. 5. ɋɤɪɿɧɲɨɬ ɬɟɤɫɬɨɜɨɝɨ ɮɚɣɥɭ  

ɡ ɜɯɿɞɧɢɦɢ ɞɚɧɢɦɢ ɩɪɢɤɥɚɞɭ 

 

ɍ ɞɪɭɝɨɦɭ ɬɚ ɬɪɟɬɶɨɦɭ ɪɹɞɤɚɯ ɬɟɤɫɬɨɜɨɝɨ ɮɚɣɥɭ ɜɤɚɡɚɧɚ ɡɚɝɚɥɶɧɚ ɤɿɥɶɤɿɫɬɶ 
ɦɟɠɨɜɢɯ ɜɭɡɥɿɜ – ɜɿɫɿɦ, ɜɧɭɬɪɿɲɧɹ ɬɨɱɤɚ ɨɞɧɚ. Ⱦɚɥɿ ɡɚɩɢɫɚɧɿ ɞɜɚ ɪɹɞɤɢ ɡ x- ɬɚ 
ɭ- ɤɨɨɪɞɢɧɚɬɚɦɢ ɤɪɚɣɨɜɢɯ ɬɨɱɨɤ, ɪɨɡɬɚɲɨɜɚɧɢɯ ɧɚ ɦɟɠɨɜɨɦɭ ɤɨɧɬɭɪɿ. ɍ 
ɧɚɫɬɭɩɧɨɦɭ ɪɹɞɤɭ ɜɤɚɡɚɧɨ ɬɢɩ ɤɪɚɣɨɜɨʀ ɭɦɨɜɢ ɧɚ ɤɨɠɧɨɦɭ Ɇȿ: 0 – ɭɦɨɜɚ 
Ⱦɿɪɿɯɥɟ; 1 –.ɭɦɨɜɚ ɇɟɣɦɚɧɚ. Ɉɫɬɚɧɧɿ ɞɜɚ ɪɹɞɤɢ – ɰɟ x- ɬɚ ɭ- ɤɨɨɪɞɢɧɚɬɢ ɨɞɧɿєʀ 
ɜɧɭɬɪɿɲɧɶɨʀ ɬɨɱɤɢ. 
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Ɏɨɪɦɭɥɸєɦɨ ɦɿɲɚɧɭ ɤɪɚɣɨɜɭ ɡɚɞɚɱɭ ɞɥɹ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ 
( , ) 4, ( , )u f x y x y G =   ;                                         (28) 

1

2 2
1( , )u x y x y


=   + ;                                                  (29) 

2

2( , ) ( ) 2
u

x y y x
n 


=   −


.                                           (30) 

ɓɨɛ ɩɟɪɟɣɬɢ ɜɿɞ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ ɞɨ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ, ɜɢɛɢɪɚєɦɨ 
ɱɚɫɬɢɧɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ (28) 

2 2( , ) 2чu x y x y xy= + + .                                           (31) 

Ⱦɿɣɫɧɨ, ( , ) 4, ( , )чu x y x y G =  . ȼɿɞ ɮɭɧɤɰɿʀ (31) ɧɟ ɜɢɦɚɝɚєɦɨ ɧɿɹɤɢɯ 
ɭɦɨɜ ɧɚ ɦɟɠɨɜɨɦɭ ɤɨɧɬɭɪɿ. ȼɢɤɨɪɢɫɬɚɜɲɢ ɩɪɟɞɫɬɚɜɥɟɧɧɹ (8), ɩɟɪɟɯɨɞɢɦɨ ɞɨ 
ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ ɞɥɹ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ: 

0 0, ( , )u x y G =  ;                                             (32) 

1 1
0 1( , ) 2чu x y u xy
 
=  −  − ;                               (33) 

2 2

0
2( , ) 0чu u

x y
n n 

 
=  − 

 
,                                (34) 

ɞɟ ɜɢɝɥɹɞ ɨɛɥɚɫɬɿ G  ɬɚ ɦɟɠɨɜɢɯ ɤɨɧɬɭɪɿɜ 1 , 2  ɩɨɤɚɡɚɧɨ ɧɚ ɪɢɫ.4. 
ɑɚɫɬɢɧɧɢɣ ɪɨɡɜ’ɹɡɨɤ (31) ɬɚ ɩɪɚɜɿ ɱɚɫɬɢɧɢ ɭɦɨɜ Ⱦɿɪɿɯɥɟ (33) ɿ ɇɟɣɦɚɧɚ (34) 

ɩɟɪɟɞɚєɦɨ ɜ ɩɪɨɝɪɚɦɭ LABECON (ɪɢɫ. 6).  

 
Ɋɢɫ. 6. ɉɟɪɟɞɚɱɚ ɮɭɧɤɰɿɣ ɬɟɫɬɨɜɨɝɨ ɩɪɢɤɥɚɞɭ  

ɜ ɩɪɨɝɪɚɦɭ LABECON  
 

Ɋɟɡɭɥɶɬɚɬɢ ɬɟɫɬɭɜɚɧɧɹ ɩɨɤɚɡɚɧɿ ɧɚ ɪɢɫ 7. 

 
Ɋɢɫ. 7. ɋɤɪɿɧɲɨɬ ɪɟɡɭɥɶɬɚɬɿɜ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɪɿɜɧɹɧɧɹ  

Ʌɚɩɥɚɫɚ ɿ ɉɭɚɫɫɨɧɚ ɭ ɜɧɭɬɪɿɲɧɿɣ ɬɨɱɰɿ  
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Ɋɨɡɜ’ɹɡɨɤ, ɞɨɛɭɬɢɣ ɩɪɨɝɪɚɦɨɸ LABECON ɭ ɬɨɱɰɿ (0.3333; 0.1666), 
ɜɿɞɪɿɡɧɹєɬɶɫɹ ɜɿɞ ɬɨɱɧɨɝɨ ɭ ɬɪɟɬɶɨɦɭ ɪɨɡɪɹɞɿ ɩɿɫɥɹ ɤɨɦɢ. 

əɤɳɨ ɦɟɠɨɜɢɣ ɤɨɧɬɭɪ ɪɨɡɛɢɬɢ ɧɚ ɱɨɬɢɪɧɚɞɰɹɬɶ Ɇȿ, ɬɨ ɜ ɬɿɣ ɠɟ ɫɚɦɿɣ 
ɜɧɭɬɪɿɲɧɿɣ ɬɨɱɰɿ ɪɟɡɭɥɶɬɚɬɢ, ɞɨɛɭɬɿ ɩɪɨɝɪɚɦɨɸ LABECON, ɛɭɞɭɬɶ 
ɜɿɞɪɿɡɧɹɬɢɫɹ ɜɿɞ ɬɨɱɧɨɝɨ ɭ ɩ’ɹɬɨɦɭ ɪɨɡɪɹɞɿ ɩɿɫɥɹ ɤɨɦɢ. 

ȼɢɫɧɨɜɨɤ. ɉɪɨɝɪɚɦɧɨ ɪɟɚɥɿɡɨɜɚɧɢɣ ɚɥɝɨɪɢɬɦ ɛɭɜ ɩɪɨɬɟɫɬɨɜɚɧɢɦ ɧɚ 
ɛɚɝɚɬɶɨɯ ɩɪɢɤɥɚɞɚɯ. Ɍɟɫɬɭɜɚɧɧɹ ɩɿɞɬɜɟɪɞɢɥɨ ɣɨɝɨ ɡɪɭɱɧɿɫɬɶ ɩɪɢ ɞɨɜɟɞɟɧɧɿ 
ɪɨɡɜ’ɹɡɤɭ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ ɞɥɹ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ ɞɨ ɱɢɫɥɨɜɢɯ ɡɧɚɱɟɧɶ. 
ɉɨɯɢɛɤɭ ɧɚɛɥɢɠɟɧɢɯ ɪɟɡɭɥɶɬɚɬɿɜ ɦɨɠɧɚ ɨɰɿɧɸɜɚɬɢ ɚɩɨɫɬɟɪɿɨɪɧɢɦ ɦɟɬɨɞɨɦ.  

ɉɥɚɧɭєɬɶɫɹ ɜɢɤɨɧɚɬɢ ɦɨɞɢɮɿɤɚɰɿɸ ɨɩɢɫɚɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɫɬɨɫɨɜɧɨ 
ɨɛɱɢɫɥɟɧɧɹ ɤɨɟɮɿɰɿєɧɬɿɜ (21). ȼ ɪɨɛɨɬɿ [1] ɰɿ ɤɨɟɮɿɰɿєɧɬɢ ɨɛɱɢɫɥɸɸɬɶɫɹ 
ɧɚɛɥɢɠɟɧɨ ɡɚ ɤɜɚɞɪɚɬɭɪɧɢɦɢ ɮɨɪɦɭɥɚɦɢ Ƚɚɭɫɫɚ. Ɉɞɧɚɤ, ɿɧɬɟɝɪɚɥɢ (21) 
ɦɨɠɥɢɜɨ ɨɛɱɢɫɥɢɬɢ ɚɧɚɥɿɬɢɱɧɨ, ɬɨɛɬɨ ɬɨɱɧɨ. Ɉɱɿɤɭєɬɶɫɹ, ɳɨ ɬɚɤɚ 
ɦɨɞɢɮɿɤɚɰɿɹ ɚɥɝɨɪɢɬɦɭ ɞɨɡɜɨɥɢɬɶ ɩɪɢɲɜɢɞɲɢɬɢ ɪɨɛɨɬɭ ɩɪɨɝɪɚɦɢ ɬɚ 
ɩɿɞɜɢɳɢɬɢ ɬɨɱɧɿɫɬɶ ɪɟɡɭɥɶɬɚɬɿɜ.  

 
Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 
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